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Abstract

The developmentof geostatistichrasbeenmostly acccomplishedby application-oriented
engineersn the pasttwentyyears.Thefocuson concreteapplicationggave birth to agreat
mary algorithmsand computerprogramsdesignedo addressvery differentissues,such
asestimatingor simulatinga variablewhile possiblyaccountingfor secondaryinforma-
tion like seismicdata,or integratinggeologicalandgeometricaldata. At the coreof ary
geostatisticatlataintegrationmethodologyis a well-designedalgorithm.

Yet, despitetheir obvious differencesall thesealgorithmssharea lot of commonali-
ties one shouldcapitalizeon whenbuilding a geostatisticprogramminglibrary, lestthe
resultinglibrary is poorly reusableanddifficult to expand.

Building onthisobsenation,we designacomprehensie, yetflexible andeasilyreusable
library of geostatisticglgorithmsin C++.

Therecentadwventof thegenericprogrammingparadigmallows usto elegantlyexpress
the commonalitiesof the geostatisticahlgorithmsinto computercode. Genericprogram-
ming, alsoreferedto as”programmingwith concepts” providesa high level of abstraction
withoutlossof efficiengy. Thislastpointis amajorgainoverobject-orientegorogramming
which oftentradesefficiency for abstractionlt is not enoughfor a numericallibrary to be
reusableit alsohasto befast.

Becausagenericprogrammingis "programmingwith concepts” the essentiaktepin
the library designis the carefulidentificationand thoroughdefinition of theseconcepts
sharedby mostof the geostatisticahlgorithms. Building on thesedefinitions,a generic

andexpandableodecanbe provided.



To shav theadwantage®f suchageneridibrary, we usethe GsTL to build two sequen-
tial simulationprogramsworking ontwo very differenttypesof grids: a surfacewith faults

andanunstructuredyrid; withoutrequiringany changeo the GsTL code.
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Sectionl

Intr oduction

The developmentof geostatisticdhasbeenmostly accomplishedy application-oriented
engineersn the pasttwenty years. The focus on concreteapplicationsgave birth to a
greatmary algorithmsdesignedto addressvery differentissues,suchas estimatingor
simulating a variable while possibly accountingfor secondaryinformation like seismic

data,or integratinggeologicalandgeometricabata.

In orderfor thesealgorithmsto betestedandthenappliedto realcasesthey have to be
codedinto a programmindanguageMaking a computerexecutableavailableplaysa cap-
ital role in popularizinganalgorithm.However, despitethe essentiaplaceof programmed
algorithmin geostatisticsno programmindibrary thatimplementghe basictoolsandal-

gorithmsof geostatisticexists (atleastno suchlibrary is publicly available).

Themainprogrammingeffort in geostatisticenadepublicly availableis GSLIB[Deutsch
andJournel,1992], the GeostatisticaboftwareLibrary. GSLIB asits namesuggestsis a
collectionof softwares,not a programmindibrary: it providesa variety of computerexe-
cutablesvhichimplementabroadfamily of algorithms put it hardly providesaframewnork

or toolsfor programmingnew softwares.



8 SECTION1. INTRODUCTION

It wasoriginally built with two goalsin mind: the first onewasto wide-spreadhe use
of geostatisticahlgorithmsdevelopedat StanfordUniversity. The secondwvasto sene as
a seedfor researchandnew developmentgDeutschandJournel,1992]. While GSLIBno
doubtcompletedts first mission,addingnewx codeor modifyingtheexistingonehasturned
out really tedious. Most end-useritheruseGSLIBwithout makingarny changeor have
rewritten the programgo fit their own meange.g.gOcad.

The purposeof thiswork is to proposea genuineprogrammindibrary of geostatistical
toolsandalgorithms.

It wasdesignedvith thefollowing goalsin mind:

e Thenew library shouldbeusablebothfor researchdevelopmentsanddirectapplica-
tions. This meanghatthelibrary shouldbeflexible enoughto sene aresearcltlien-
telethatrequiresa quick codingof new algorithms,aswell sene a large Petroleum
compalty willing to integrateeasilya nenly developedgeostatisticahpplicationin

their softwareplatform.

e Thenew library shouldallow afastreuseof existing code. This requiresathorough

designof thelibrary.

e The new library shouldbe easily extendable. Expandabilityrequiresa library de-
signthatrecognizesmportantconceptghatarecommonto almostall geostatistical

algorithms.

o Wewill proposealibrary thatdoesnotsacrificereuseabilityfor efficiengy (in termof

computingspeed) Library optimizationtoo oftenleadsto incomprehensibleode.

e Thecodeshouldbeunderstandableithouttoo muchcomputersciencebackground.



The first importantdecisionregardsthe selectionof a programminglanguage. C++
is retainedfor both computersciencereasonsand practicalreasons.C++ is a high level
programminglanguagewhoseusageis now wide-spread. This is importantto produce
understandableodeandreachaslarge a userbaseaspossible.

The secondcapitalchoiceis to decideon a designfor thelibrary. As statedpreviously,
the new library oughtto be expandableandgeneric. This implies thatit mustrecognize
the key conceptghatarerecurringin geostatisticablgorithms,and capitalizeon themto
producea genericimplementatiorof the algorithms.

The solution retainedto obtain an abstractand genericprogrammingcode is often
object-orientegprogramming However, object-orientegorogrammings notthe only pos-
sible solution. Chapter2 introducesa morerecentandprobablylessknown programming
paradigm,GenericProgramming andexplainswhy it waspreferredto the moreclassical
objectorientedapproach.

Insteadof working directly with actualdatatypes(“classes’in C++), agenericalgorithm
workson abstraction®r conceptswhich areassumedo have preciseproperties.The key
stepin thedesignof genericalgorithmsis thusthe preciseidentificationof the minimal set
of propertieghe algorithmsneedto assumen orderto performefficiently. Thisis theaim
of Chapter3. Chapterd thenthoroughlydescribesheidentifiedproperties.

Chapters is a referencemanualthat describeghe algorithmsandobjectsprovided by
thelibrary. Finally, Chaptet6 givesanexampleof how to extendthelibrary by implement-

ing anew algorithmandhow thelibrary couldbeintegratedinto anexisting software.






Section?2

Library Design

2.1 Generic Programming

Algorithmsdetailthe procedurdor solvinga specificsetof problems.In orderto make the
usagenf theseproceduresswidespreadspossibletheprogrammingpf algorithmsshould
be generic.A genericcodeis achiaved by removing from the algorithm’s implementation
arny unnecessarinformation,i.e. ary data-structurer objectthatthe coderelieson but is
notessentiato thealgorithmitself.

Consideirfor examplethesequentiaGaussiarsimulationalgorithmfor a Gaussiavari-
able[Ripley, 1987;Journel,1989;Isaaks,1990]. The core“idea” of sequentialGaussian
simulationis to simulatea seriesof valuesby sequentiatiraving from Gaussiardistribu-

tionswhoseparameteraredeterminedhroughkriging. It canbe summarizedasfollows:

1. definea pathvisiting all the nodesof the simulationgrid

2. for eachnodeu in thepath:

11



12 SECTIONZ. LIBRARY DESIGN

(a) find thenodesinformedneighbors.The neighborscanbenodesfrom the orig-

inal dataset(n), or nodessimulatedat previousiterations(!).

(b) estimatehe GaussiartumulatvedistributionG*(u;y | (n+1)) atu conditional
to the neighborgn+l) by solvinga kriging system.Themeanof G*(u;y | (n +

1)) is thekriging estimateandits variances thekriging variance.

(c) draw arealizationfrom G*(u;y | (n+1)) by Monte-Carlosimulation,andassign

thesimulatedvalueto thenode

An implementatiorof this algorithmfor a Cartesiargrid would unnecessarilyestrict
its potentialdomainof application.The sequentiaGaussiarsimulationalgorithmdoesnot
indeedrequirethegrid to be CartesianAs long asa paththroughall the grid nodescanbe
defined,this algorithmcanbe appliedto ary type of grid, be it Cartesiaror unstructured,
1D, 3D ornD.

Similarly, the pathdefinedatthe beginning of the algorithmis usuallytakenrandomin
practicalapplications Howeverthisis notimposedby thealgorithm,andonecouldchoose

apaththatvisits preferentiallynodescloseto the original setof data.

A truly generidmplementatiorof the sequentiatimulationalgorithmshouldtherefore
beindependenodf thetype of thegrid or thetype of the path.

In moderncomputing,one of the mostusualway to tendto this aim is to useobject-
orientedprogrammingln object-orienteghrogrammingthegenericnesef thealgorithms’
implementations providedthroughthe useof inheritanceanddynamicbinding Thealgo-
rithm is written for abstractypes(or objects),e.g. an“AbstractGrid”,an“AbstractRth”,
andwill work on objectsthatrepresenparticularcaseof theseabstracbbjects:thealgo-
rithm would be definedin termsof “AbstractGrid”,but will be usedon “CartesianGrid or

“UnstructuredGrid’'which areparticulartypesof grid thatinherit from “AbstractGrid”.
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This approachs mostusefulwhenthe entitiesdealtwith aresimilar but notidentical,
i.e. whenthey canbe groupedinto objectshierarchies. If this is not the case,forcing
an objectorientedapproachj.e. forcing a taxonomyof the entitiesdealtwith, leadsto
awkwarddesigns.The useof inheritanceanddynamicbindingalsohasa majordravback
in scientificprogramming:it inducesnon-ngligible run-time overheadwhich canbadly
hurt CPU performanceThesepointswill bedevelopedin moredetailin section2.2

Object-Orientegprogrammings notthe only way of achieving a high level of abstrac-
tion however. Genericprogrammings afairly nev' programmingparadignmthatallowsto
elggantlyabstracthe programimplementatiorfrom arny unnecessarinformation. Instead
of working directly with actualdatatypes(“classes”in C+*), a genericalgorithmworks
on abstractiongoften called concept¥ which areassumedo have precisepropertiegthe
fewer the assumegbropertiesthe moregenericthe implementation) A genericalgorithm
is thusmadeof two parts:anactualprogramcode,anda list of all theassumegbroperties
of the abstractionsised. This list of propertieds not C++ codé, yetit is aintegral part of
the algorithm. Thesepropertiesarethe hypothesesf the algorithm. Omitting themis as
damagingasomitting to statethe hypothesesf a mathematicatheorem.

To illustratehow this works, considerthe simplecaseof finding the maximumof a set
of elements.The setcould be anarray alinkedlist, ... , andits elementgeal numbers,

strings,cars,. .. To find the maximumof this set,oneonly requires:
1. amethodto go from oneelementof the setto another

2. anorderrelationis definedon the elementf the set,andgiventwo elementspne

1Early researchpaperson genericprogrammingare actually 20 yearsold, but no exampleof generic
programminghadcomeout of researctgroupsbefore1994. STL, the C+StandardremplateLibrary, wasthe
first exampleof genericprogrammingo becomamportantasit wasincludedin the C+ standardibrary.

2Otherlanguagesik e Ada actually have keywordsfor specifyingthe assumptionsnadeon the abstrac-
tionsusedby thealgorithm.C+ doesnot. This makesthetaskof definingtheassumptionsritical: sincethere
is no compilercheckiit is the programmeis burdento ensurehatall theassumptionareclearly defined.
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14 SECTIONZ. LIBRARY DESIGN

knows how to comparehem

Thealgorithmwould thenbeimplementedasfollows:

template<class iterator, class comparator>
iterator find_maximum(it er at or first,
iterator last,

comparator  greater){

/I initialize iterator max_position, the iterator
/[ that points to the largest element found so far

iterator max_position = first;

/[ iterate through the container

for(iterator current=first++ . current!=last; current++)

{
if ( greater(*max_po siti on , *current) )

max_position = current;

return  max_position;

Thefirstline indicateghatalgorithmfind_maximum refersto two conceptsiterator

andcompaator. Thealgorithmassumeshesewo concepthave thefollowing properties:

iterator : It is the device usedto go throughthe set. Onecanthink of it asa generalized
pointer An iteratoris a classicalway to make the code independenbf the con-

tainer (setof elements)t is appliedto. Differentkinds of iteratorsare detailedin
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[Austern,1999]. Thefind_maximum algorithmassumesn iteratorhasthe fol-

lowing properties:

aniteratorcanbeassignedo another(line 8: max_position = first )

two iteratorscanbe comparedising!= (line 11: current!=last )

operator++ canbe appliedto aniterator andit will move the iteratorto the

next positionin the setof elementgline 11: current++ )

operator* canbeappliedto aniteratot andit will returntheelementheiterator

is pointingto (line 13: *current )
comparator :

e acomparatohasanoperator() which takestwo objectsasargumentandre-
turnsatypecorvertibleto bool .

For example:greater(*max_position,*curren t) (line 12).

It returns‘true” if thefirst agumentis greaterthanthe second.

Theprevious C+ codeandits two setsof requirement$orm the generic
find_maximum algorithm. Any C++ objectthat fulfills the 4 requirementf concept
iterator is an eligible iteratorfor the algorithmandcanbe aninput of find_maximum .
Suchan objectis calleda model of conceptiterator. On the otherhand,trying to useas
aniterator an objectwhich doesnot meetthe four requirement®f iterator will resultin a
compile-timeor link-time error.

Typedouble* is avalid modelof iterator becausét hasthefour propertiesequired

by concepiterator. A call to
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find_maximum(do uble * an_array,
double* an_array+10,

greater_doubles () )

will thenfind the maximumof thearrayan_array which contains10 elementof type
double . Heregreater_doubles is amodelof conceptcompaator, i.e. it takestwo
doublesasargumentandreturnsa type cornvertible to boolean.Nothing preventsa model
of a conceptto beimplementedn a genericway, thatis to useconceptf its own. Type

greater_doubles couldfor examplebedefinedasfollows:

template<class ordered_set_ele ment>

class greater_generic {

public:
bool operator()(orde red_set ele ment & argl,
ordered_set_ele ment & arg?2)
{
return argl > argz;
}
2
/I define greater_doubles as the particular case:
/I “ordered_set_ el ement ” is “double”

typedef  greater_generic< double > greater_doubles;

Whereordered_set_element is assumedo be atypefor which operator> is valid,
this operatorreturninga type corvertible to bool . In this examplea model of concept

compaator is definedusinganotherconcept.ordered_set_element
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Similarly, find_maximum can be appliedto a STL list of charactersvithout any
changeo its implementationpecausehe STL type list<char>::iterator hasthe
four propertiesof iterator. The comparatorcould be greater_generic<char> be-
causecharactersupportcomparisorthroughoperator> (typechar is amodelof concept

ordered_set_element ):

list<char> stl_list;
/I initialize list

/[ find maximum of stl_list
list<char>:.ite rato r max_position = find_maximum(s tI _|ist .begin () ,
stl_list.end() ,

greater_generi c<char>() ),

Given a setof requirementspne canwrite any model of the conceptsandusethem
in ary genericalgorithmthat needstheseconceptswithout requiringarny changeto the

implementatiorof the algorithm.

2.2 Generic Programming is NOT Object-Oriented Pro-
gramming

At first sight, there might seemto be little conceptualdifferencebetweengenericand
object-orientedorogramming. A conceptcould be thoughtof as an abstractobject, and

amodelof aconceptwould simply beanobjectderivedfrom the abstracbbject-concept.
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How would the greater_generic functor beimplementedn an object-oriented
way? Thefirst stepis to turn the conceptordered_set_element into an actualC++
datatype,call it OrderedSetElement OBJECT . Therequiremenbf
ordered_set_element was: atypefor which operator> is valid, this operatoreturn-

ing atype corvertibleto bool :

class OrderedSetEleme nt_ OBRIECT

public:
virtual bool operator>(order ed_set el ement OBJECT& B) = 0;
%
Note thatthis objectis not a strict equivalentto the ordered_set_element con-

cept: the return type of OrderedSetElement OBJECT s operator> is a boolean,
whichis lessgenerakhanthe“type convertibleto bool ” requiredby
ordered_set_element . Thisis however of lesserimportanceand
OrderedSetElement_ OBJECT couldcertainlypbemodifiedsoasto returna“type con-
vertibleto bool ", probablyat the expenseof codesimplicity. Usingthis abstraciobject,

the object-orienteg@orogrammingcounterparbf greater_generic would be:

Safunctoris simply anobjectthatbehaeslik e a function
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class greater_ OOP{
public:
bool operator()(Orde re dSet El ement _OBJECT& argl,
OrderedSetEleme nt OBJECT& arg2)

return argl > argz;

To comparetwo real numbers,onewould thenderive a real_number classfrom
OrderedSetElement OBJECT , definethe> operatorandcall greater OOP .

Althoughthecodeof greater OOP andgreater_generic look quasi-identical,
thereis actually a key difference: greater OOP allows to compareary two objects
derived from OrderedSetElement_ OBJECT , for examplea string of charactersand
a real number which hasno meaning! The genericimplementationdid imposethe two
argumentgo be of the sametype.

Object-Orientegorogrammingandgenerigorogramminglo notexpresghesameadeas:
inheritance the mediumof object-orientedorogramming,expresseghe relationshipbe-
tweentwo types. Modeling (makinga modelout of a concept)the genericprogramming
counterparbf inheritancejs arelationshipbetweera setof typesandatype: a concepts
thesetof all thetypesthatmeetthe concepts requirementsa modelis oneof thesetypes.

Oneof theserelationshipscannot emulatethe other

Thereis anothermajor difference thoughlessconceptual betweengenericprogram-
ming andobject-orientegrogramming(at leastasimplementedn C++). The genericness

obtainedhroughobject-orienteghrogrammings usuallyobtainedatthecostof speed.The
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useof virtual functionsanddynamicbindingindeedcauses runtimeoverheadwvhich can
badly hurt performanceessentiallywhenthefunctionsaresimple(no time consumingop-
erationis performed)andfrequentlycalled. A functionwhich compareswo elementdike
greater_OOP or greater_generic hasto be very fastsinceit is likely to be used
very oftenin the program.

In the caseof genericalgorithms the compileradaptghe genericcodeto the particular
types(modelsof the algorithm’s conceptsyequestedSchematicallythe genericcodeis a
templatethatthe compilerusesto write a new implementationyeplacingevery occurrence
of aconceptby its model. This resultsin analgorithmpotentiallyasfastasa hand-crafted

algorithm,specificto asingletype.

2.3 Library Design

Genericprogrammingallows to elegantly attaina high level of abstraction.It hasmary
adwantagedhat make it aninterestingchoiceof paradigmfor implementinga library of
geostatisticalgorithms.

Its most obvious advantageis efficiency. Contraryto object-orientedorogramming,
genericprogrammingenablego write genericcodewhile retainingthe efficiency usually
only achieved by a specific,hand-craftedmplementationsuchasthe currentGSLIBpro-
grams. It is indeedessentiathat a scientificcomputinglibrary be asfastaspossible,as
long asno sacrificeto codereadabilityandre-usabilityis made.

A secondand maybemore subjectve advantageof genericprogrammingis its con-
ceptualsimilarity with mathematics.Mathematicdas basedon abstractconceptswhich
are assumedo have preciseproperties. A theoremwill hold true for ary specificcase

which verifiesthe theorems hypothesesSimilarily, a genericalgorithmcanbe appliedto
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an objectsthat satisfyits hypothesesi,.e. satisfyits conceptsrequirementslt is actually
possibleto elegantly definemathematicahlgebraicstructuredik e groups,rings or fields
with genericprogrammingBarton and Nackman,1994]. Expressingan algorithmin the
generigprogrammingvay is thusmorenaturalthanadoptingthe object-orientegpproach.
This makesgenericprogrammingvery suitablefor implementinggeostatisticalgorithms.
However, thechoiceof genericprogrammingasaguidingprogrammingparadigndoes
not preventthe useof otherparadigmdik e object-orientegorogramming.Theonly restric-

tion is thatgenericnesandefficiengy mustbe maintained.

After definingthealgorithmsto beimplementeda critical taskin the designof the new
library is the carefulidentificationof the mostgeneralsetof requirementghatallows the
algorithmsto performefficiently. As underlinedpreviously, a “generic” codeis uselessf

the conceptsisedarenotthoroughlydefined.Thisis the lastpartof thelibrary design.






Section3

Conceptsldentification

Thefirst stepin the designof GsTL is to analyzethe algorithmsto be implementedand
identify theminimumsetof requirementshatallow thesealgorithmsto performefficiently.
Someof theserequirementsnight becommonto all algorithms,while othersmaybemore

particularto specificalgorithms.

The goal of geostatisticss to studyandcharacterizgghenomenonghatvary in space

(and/ortime). Geostatistichiastwo principalapplications:

e estimationj.e. themappingof aspatiallyand/ortimely dependentariablez, through
regressiortechniques Estimationoften providesa singlenumber termedestimate,

andanassociate@rrorvariance.

e simulation, usedto assesghe uncertaintyon a spatially and/ortimely dependent
variable z, quantifiedthrougha seriesof humbersor possibleoutcomes allowing

risk quantification.

Thesetwo applicationsof geostatisticarereviewed anddetailedin thefollowing sec-

tionswith the purposeof identifying thekey conceptf geostatistics.

23



24 SECTION3. CONCEPTSDENTIFICATION

3.1 Estimation

Considera setU of locationsin spaceor time. In practicalapplicationsU is finite, of size
N. Supposehatthevalueof z is known onasubsebf U. Theaimis to estimatehevalues
of z, interpretedastherealizationof aregionalizedrandomvariableZ(u), atary location
uin U giventheknown z-values{z(u,), @ =1,... ,n}.

For a givenlossfunctionL, the bestestimatez*(u) of unknavn valuez(u) is the esti-

matethatminimizesthe expectedoss:

2*(u) = agmin E{L(z Z(u))}

Z

Kriging is thenameof afamily of generalizedinearleastsquareregressioralgorithms
[Krige, 1951;Goovaerts,1997]. TheestimateZ*(u) is modeledasalinearcombinationof

theknown z-values{z(u,)}:

Z*(u) - m(u) = Z )‘a[z(ua) - m(ua)] (31)

wherem(u) andm(u,) aretheexpectedvaluesof Z(u) andZ(u,).

Underthe unbiasednessonstraint:
E(Z*(u) - Z(u)) —0
minimizing the expectedossamountgo minimizing the errorvariance:
o2 (u) = Var(Z*(u) _ Z(u)) (3.2)

SubstitutingZ*(u) in (3.2) by its expression(3.1) andsettingto zeroall thederivatives

a”;;i“) yieldsasystenof linearequationsvhosesolutionis theweights\,, a =1,... ,n.

The systemis of theform:

C(uj,uy) ... C(ug,uy) A\ C(u,u)

C(up,uy) ... C(uy,uy) An C(u,uy)
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whereC'(u;, u;) is the covariancebetweenZ (u;) andZ (u;).

Combiningthe weights A4, ..., A\, accordingto (3.1) provides the bestlinear least-
square®stimateZ*(u).

Many variantsof kriging have beendeveloped but all rely onthe sameconcepts.

Threetypesof kriging canbe differentiateddependingn the modelusedfor m(u):
Simplekriging: themeanis known andconstanfor all locationsin U:
VueU m(u)=m
Thekriging problemis thento find (\,) suchthat:
Var ( zn: Aol Z(ug) — m] — [Z(u) — m]) is minimum
a=1

Ordinary kriging: themeanis unknavn butis locally constantThekriging problemthen

becomedo find ()\,) suchthat:

VW(ZZ:1 AalZ(uy) — m] — [Z(u) — m]) is minimum

Yo i Aa=1
The constraint) " _, A\, = 1 filters the meanm out of the first condition, hence
alleviating the needfor knowing m:

Var(i NalZ(0a) — m] — [Z(u) — m]) - Var( Z AaZ(Ug) — Z(u))

a=1

if S Ay =1.

Kriging with Trend: themeanis unknovn andvariessmoothlywith location:

K

m(u) =) a(uw)fi(u)

k=0



26 SECTION3. CONCEPTSDENTIFICATION

whereaq; areunknown but locally constantand f, areknown functionsof u. The

kriging systematlocationu is thengivenby:

[ Var( £, MalZ(u0) — m(ug)] — [Z() ~ m(u)])  is minimum

< ZZZI,\QZ 1

| 201 Aa(Wfi(ua) = fi(u) Vk € [1,K]

Kriging canalsobe madeto accountfor secondaryinformation by extendingequa-
tion (3.1). Supposen, secondaryariablesS;(u), i = 1, ... ,n, areto beaccountedor,

equation(3.1) becomes:

+ Z Z )\ai [Si(uai) - mi(uai)] (33)

wherem;(u;) is theexpectedvalueof S;(u;). Thisversionof kriging is calledcokriging.
The kriging weightsare obtainedby minimizing the error varianceas definedin 3.2.
As in the singlevariablecase differentmodelscanbe assumedor the meansn(u;) and

m;(u;), henceeadingto threetypesof cokriging.

All thesemethodgequiresolvingpossiblylarge systemsf linearequationsgdepending
on the numberof conditioningdataz(u,) andsecondaryata. Hence,in orderto reduce
computatiorcostsonly thedataclosesto thelocationu beingestimatedareaccountedor.
Thesedatawill bereferedto asthe neighborhoodof u. This approximations acceptable
becauseéhe closestdatatendto screenthe influenceof further away data: the weights

associateavith the distantdataareusuallynegligible.
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Fromanalgorithmicpointof view, kriging andits variantscanbe decomposehto two

parts:

a weightingsystemwhich to locationu, neighborhood/(u) andsetof covariance
andcross-coariancefunctionsCi; = Cov(Z](u), Z;(u + h)) (Z; caneitherbe Z or
oneof thesecondaryariablesS;, £ = 1, ... , n,) associatea setof kriging weights

andakriging variance(thekriging varianceis independentf thevaluesz(u,)):
(0 V(w, {Ci}) = (abi<asne > (W)

Thecross-coariancefunctionsbetweervariables and; areonly neededn thecase
of cokriging. For kriging with a singlevariablethe set{C;;} is asinglecovariance

function.

Thesystemof equationdeadingto thekriging weightsis composeaf a setof equa-
tions commonto all kriging variantsto which differentequationsare addedto ac-
countfor additionalconstraintse.g an unknavn locally constantmean,or an un-
known smoothlyvarying mean. Hencethe weighting systemconsists,in the most
generakasepf two parts:afirst partaccountgor thecorrelationandtheredundang
betweerthe datathroughthe covariancefunctions,while a secondoart,implements

theadditionalconstraintequations.

a combiner which from the previous weightsand an a-priori mean,computeshe

kriging estimate:
(s {sa}im) =@ 1<a<a
wherem is thea-priorimean.

Thecombineris amerelinearcombination:

n(u)

Z Aoz(ug) + Amm

a=1
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with
n(u)
Am=1-> X
a=1
Notice thatin ordinarykriging andkriging with a trend, the weight \,,, associated

with the meanm is 0. Hencethe actualvalueof m which is input to the combiner

hasnoinfluenceontheestimate.

Note that othertypesof kriging have beendeveloped,like block-kriging, which are
not coveredin the previous overview of kriging. However, usingthe kriging techniques
describedpreviously, dataat differentscalescanstill be accountedor. Chapter6 details

how kriging canbe constrainedo a block averagevalueby usingcokriging.

3.2 Simulation

Theaim of simulationis to find a function
U — EN
(Whsien = (2w))

suchthatthe sequencef valuesz(u;) i = 1,... , N, honorsa setof constraint{E is the

spacen which z is valued).The constraintsanbe of varioustype:

e |ocal equalityconstraintspr dataconditioning:the valueof the variableis known at
asubsef locations(u;) j = 1,... ,K < N. This constraintis of greatimportance

in mary applicationsf geostatistics.

e inequalityconstraintsthevaluesof thevariablemustbelesseror greateithanagiven

thresholdt(u) atasubseof locations(u;) j=1,... ,K <N.
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e correlationconstraint:the valuesof the variablemusthonora given modelof cor-
relation. Most often a variogramis imposed but more complicatedmodels,which

involve the correlationbetweermorethantwo locationsat atime, couldbechosen.

e histogramconstraints:the valuesmust matcha given histogramwhich could for

examplereflectsomeprior knowledgeof variablez.

e othervariablescorrelatedo z areknown, possiblyat all locations,andthusimpose
a constrainton the valuesof z. For example,in petroleumapplicationsz could be
rock permeability andthe constrainingvariablethe pressuralrop obsernedduringa

well test.

Becausehesetof constraintsloesusuallynotsufficeto fully characterizé¢hesequence
(z(ui)> , mary solutionsexist. Differentsolutions termedrealizationsprovide amodelof

the uncertaintyaboutthe unknavn Z(u).

Four typesof simulationalgorithmscanbe distinguished:

Sequentialsimulation. A pathvisiting all locationsis definedandeachlocationis sim-
ulatedsequentially The variableto be simulatedis interpretedas a regionalized
randomvariableZ(u). At eachlocationu the cumulative functiondistribution (cdf)
F(u,Z \ (n)) conditionalto someinformation (n), is estimatedandsampled.As
in kriging, the conditioninginformationis soughtonly in the vicinity of the loca-
tion to be simulated,in orderto reducecomputationcosts. Contraryto kriging, the
conditioninginformationincludesboth the original data(if arny) andthe previously
simulatedvalues. Sequentiabimulationis the mostversatileclassof simulational-

gorithmsdueto its low CPUdemandandits large potentialto integratevariousdata

types.
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P-field. The p-field simulationis dividedinto two parts:first a cdf F'(u,Z | (n!,)) condi-
tional to only the original data(n!,) is estimatecat eachlocationu to be simulated
((n") dependon u if only the closestoriginal dataareretainedat eachlocationuy).
Thefamily of conditionalcdfs (ccdf) (F(u, Z | (nl) ))UEU is thensampledusinga
field of correlatedprobability values(p-field). The generatiorof the p-field canbe
madevery fastby usingmethodsbasedon the fastFourier transform(FFT), hence
yielding a computationallyefficient classof simulationalgorithms.P-field however
hasa major dravback: a mapsimultatedby p-field canpresentuun-desiredartifacts,

especiallydiscontinuitiesat datalocations.

Booleansimulation. Theaim of booleantechniquess to reproduceshapesiescribedoy
specificparameterizationsyhich honortheoriginal data(n'). For example,it canbe
usedto simulatechannelf given sinuousitiesandextent, or ellipsesparametrized
by their dimensionsand orientations. This simulationtechniquefits well into the
genericprogrammingapproactsince atleastfor unconditionakimulation(i.e. with-
outary sampledata),the only differencebetweerntwo booleanalgorithmsis the ob-
jectdescription. However, booleanalgorithmsarenot providedin thecurrentrelease

of GsTL.

Optimization techniques. Insteadof approachinghe simulationproblemfrom a statis-
tical point of view, i.e. interpretingthe variableto be simulatedas a regionalized
randomvariable,simulationcanbe ervisionedasa mereoptimizationproblem:the
satishctionof the constraintss measuredhroughan objectie functionwhich must
beminimized.Deutsch(1992)proposedo usesimulatedannealindGemanandGe-
man,1984]to minimize the objective function. This classof simulationtechniques

is notimplementedn the currentreleaseof GsTL.
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This first releaseof GsTL focuseson sequentialsimulation and p-field simulation.
Thesetwo simulationparadigmsnterpretthe sequencef valuesz(u;), i = 1,... , N, to
besimulatedasanoutcomeof thesequencef randomvariablesZ (u;),i = 1,... ,N. The

two simulationalgorithmsproceedasfollows:
1. Defineapartition] = (P;)1<j<s of {1;... ;N}:

{ U1gngPj:{1§--- ; N}
Vi#j PPy =0

2. For eachP;, visitedin a pre-definecrder

(a) for everyi € P;, estimatethe cumulative distribution of Z(u;) conditionalto

someneighboringdatal’ (u;):
(w, V) — P2 (n(w))
(b) for every: € P;, draw arealizationfrom F(ui, Z | (n(ui)))

oz (n(w) — 2(w)

If the P; are singletons,the algorithm describedis sequentialsimulation. If I =
{1;...; N}, thealgorithmdescribedelongso the p-field family.
Varyingtheorderof visit of the P;, theway the cumulatie distributionsareestimated,

andtheway new valuesarededucedrom the cdf’'s, provide a broadfamily of algorithms.

Order of visit of the P;

In p-field simulation,thereis only onesetof indicesP; (J = 1), hencethereis noorderto

decide.
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In sequentiaimulation,eachcdf is conditionalto only theneighboringdatal/ (u), and
visiting eachlocationalonga “structured”path (e.g. columnby column,if the locations
arearrangedn a Cartesiangrid) could createartificial continuity Hencea randompath
is usuallychosenin practice. However, othertypesof pathcould be used,for examplea
paththatwould preferentiallyvisit locationscloseto the original data,soasto increasehe
weightof the original dataandpossiblyimprove the dataconditioning.

Sometechniquedike MCMC simulationalsousea completelyrandom“path”, allow-
ing locationsto be visited mary times. In MCMC simulation,the setof locationsto be
simulateds initialized with somearbitraryvalues(randomfor example).This setof values
is thensequentiallymodified, until it honorsthe constraints:at arandomlyselectedoca-
tion, a sampleof a cdf modelis generatedThis nev samplevaluecaneitherbe accepted
andreplacethe former valueat thatlocation, or be rejected,in which casethe location's
valueis unchangedThekey lies in definingthe correctacceptanc@robabilityin orderto
reproducea givenvariogramor histogramandconstrainto otherdatatypes. The process
is theniterateduntil corvergence.MCMC algorithmsare not sequentiaklgorithmsfrom
a theoreticalpoint of view, but they follow the samescheme and hencecould sharethe
samemplementationthe cdf at a givenlocationis estimatedgconditionalto the neighbor
ing information,andis sampled.The sampledvalueis eitherretainedor rejectedandthe

algorithmproceeddo a nenv randomlocation.

Estimation of the conditional cdf’s
Two approachesanbedistinguished:

e First: thecdfis built from estimatedsalues.If thevariableZ(u) is multi-Gaussian,
all cdf F(ui, Z | (nui)) arealsoGaussianandit sufficesto estimatetwo values:a

meananda variance. Whenno Gaussiarassumptiornis made,the cdf is estimated
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for givenz-valueszy, . . . , z; andaninterpolationof theseestimates; (u, z; | (n) )

yield amodelof thefunctionz — Fz(u,z | (n) ).

Most simulationalgorithmsestimatethesevaluesby kriging. In the caseof a Gaus-
siancdf, the meanis the kriging estimate andthe variancethe kriging variance.In
the non-parametricase the probabilitiesF (u, z; | (n) ) = Prob(Z(u) < z|(n))

areestimatedy kriging theindicatorrandomvariable! (u, z;) definedasfollows:

1 if z(u) <z
i(u, Zi) =
0 otherwise
The conditionalprobability F'(u, z; | (n) ) is indeedequalto the conditionalexpec-

tationof I(u, z):

Fy(u,5| () = E[I(u,2) | ()

and the leastsquaresestimateof the indicator i(u, z) is also the kriging (least-

squaresgstimateof its conditionalexpectationfLuenbeger, 1969].

e A secondpossibility is to infer the ccdf directly from the neighboringinformation,
i.e. no estimationof parameter®f a ccdf is required. The cdf canfor examplebe
readfrom atablewhich entriesarethe conditioningdatavaluesandgeometry It is
the methodusedin the sequentiahormalequationsimulation(SNESIM) algorithm
[Strebelle,2000]. The ccdf canalsobe inferredby a classificationalgorithmlike a

neuralnetwork [CaersandJournel,1998].

Drawing newvalues

Thenew simulatedvalueis usuallyobtainedoy draving avaluefrom theccdf, usinguncor

relatedrandomprobabilities.This is thetechniqueusedin sequentialGaussiarsimulation,
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sequentiaindicator simulationor sequentiahormal equationsimulation. However, it is
notthe soleoption.

Thep-fieldtechniquausesafield of correlatedrandom” probabilitiesto drav from the
cdf’s.

The MCMC approachalso usesa differentsamplingscheme called the Metropolis-
Hastingssamplingscheme:a new valueis dravn from a cdf using uncorrelatedandom
probabilities put it doesnotautomaticallybecomehesimulatedvalue. It isindeedretained

or discardedwith a givenprobability.

Fromthis brief descriptionof the differentfamiliesof geostatisticglgorithms,certain

conceptommonto most,if notall algorithmsemepge:

A location: coordinatesn spaceor time.

A geo-alue:alocationplusasinglepropertyvalue.

A geovalue-iteratorithe device thatallows to go throughthe setof geo-\aluesto be

simulatedor estimated.

A neighborhoodmostgenerally only the dataclosestto the locationof interestare
takeninto accountin orderto decreasehe computationcost. However, if speeds
not anissue,the neighborhoodtcanbe madelarge enoughto alwaysincludeall the

availabledata.

A cdf (cumulatve distribution function): it canrepresent conditional,maiginal or
likelihooddistribution. It is eitherparametriqGaussian, . . ) or non-parametrid,e.

definedby afinite setof valuesF; (7;) atthresholdsZ;: (zZ , Fz(zi)>.
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e A cdf-estimator:ito provide anestimateof the cdf, beit maiginal or conditional. An
estimatorcaneitherdirectly estimatea cdf givena nodeandits neighborhoodsin

SNESIMor built thecdffrom estimated/alues asin sequentialGaussiaror indicator

simulation.

e A sampler.determineshe new simulatedvaluegivenacdf.

Theseconceptsalongwith othersmore specificto certainalgorithms,arethoroughly

describedn the next chapter






Section4

ConceptsDefinitions

In chapter3 variousgeostatisticablgorithmsare analyzed,and somerecurringconcepts
areidentified(lik e the notionof neighborhooar the notion of conditionalcdf estimation).
Building on theseconceptsa library of genericalgorithmscanthenbe implementedsee
Chapter5 for acomprehensie descriptionof thesealgorithms).However, asexplainedin
Chapter?, thesealgorithmsareof little valueif theconceptdhey rely onarenotthoroughly
defined. The aim of this chapteris thusto thoroughlydefinethe conceptsusedby GsTL

algorithms.

Thedefinitionof eachconceptandalgorithmfollowsthelayoutusedoy Austern(1999).

Thedifferentfields of the descriptionarethe following:

Refinementof: conceptB is saidto be a refinementof conceptA if the requirementof
A areasubsebdf therequirement®f B. Considerthe exampleof a Forward Iterator
A forwarditeratoris anobjectthatpointsto otherobjects.It is usedto iterateover a
rangeof objects,in asingledirection:it doesnotallow to go backward. Theconcept
of Forward Iteratorhencerequiresan operator++ to adwvanceto the next objectof

the range,an operator* which allows accesgo the value the iteratoris pointing

37
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to, an operator!= to comparetwo iterators,and an operator= which assignsan
iteratorto another A Bidirectionallteratoris aniteratorwhich allowsto iterateover
arangeof objectsin bothforwardandbackwarddirections.It thusrequireghesame
four operatorsasForward Iterator plusoperator- , which movestheiteratorto the
previousobjectin therange.Sincetherequirement®f Forward Iteratorarea subset
of therequirement®f Bidirectionallterator Bidirectionallteratoris arefinemenof
a Forward Iterator Following this definition,if conceptB is arefinemenbf concept

A, ary modelof B is alsoa modelof A.
Associatedtypes: alist of C+ typesassociatedio the concept
Notations: somenotationsusedin theremainingof the descriptionof the concept

Valid expressions: alist of expressionghatcanbeappliedto a modelof the concept.For
instancejf iter is a modelof the afore-mentionedrorward Iteratorconceptsuch

valid expressiorcouldbeiter++  or *iter

Models: someexamplesof modelsof the concept.

4.1 Basicconcepts

4.1.1 Forward lterator
AssociatedTypes
e Value Type
I::value_type

The type obtainedby dereferencingapplying operator*) to a model of Forward

Iterator
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Notations

I A typethatis amodelof Forward Iterator

] objectsof typel

Valid Expressions
e Assignment
i=
Returntype: atypethatis corvertibleto bool

Semantics: ] isassignedoi

e Preincrement

++i
Returntype: I
Precondition: i is dereferenceable
Semantics: i is modifiedto pointto thenext value
Postcondition: i is dereferenceabler onepasttheend

e Postincrement

i++
Returntype: I
Precondition: | is dereferenceable
Semantics: i is modifiedto pointto thenext value
Postcondition: i is dereferenceabler pasttheend

e dereference

*i

39
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Returntype:

Precondition:

Semantics:
e comparison
i=j
Returntype:

Semantics:

4.1.2 Container

SECTION4. CONCEPTSDEFINITIONS

G
i isincrementabléoperator++ canbeappliedtoi )

Returnstheelement is pointingto.

atypecorvertibleto bool
Returndrueif i isdifferentfromj ,i.ei andj arepointing

to differentelements.

A Containelis anobjectthatstoresotherobjects(the containerelementsandhasfacilities

to accessts elements.

AssociatedTypes

e Value Type

A:.value_type

Thetypeof theelementof thecontainer

e |terator type

A::iterator

An iteratorthatpointsto the Containers elements.
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Notations

A A typethatis amodelof Container

a,b  objectsof typeA

Valid Expressions

e Copy constructor

X(a)
Returntype: X
Semantics: X() containsacopy of eachelementof a

e Copy constructor
X b(a)
Semantics: b containsa copy of eachelemeniof a

e Assignmentoperator

a=b
Returntype: X&
Semantics: b containsa copy of eachelementof a

e Beginning of range

a.begin()
Returntype: iterator
Semantics: returnsan iteratorpointingto the first elementof the Con-

tainer
e End of range

a.end()



42 SECTION4. CONCEPTSDEFINITIONS

Returntype: iterator
Semantics: returnsan iterator pointing to one pastthe last elementof

the Container

e Size
a.size()
Returntype: atypethatrepresents positive integer
Semantics: returnsthe numberof elementsn the Container
e Empty
a.empty()
Returntype: atypethatis corvertibleto bool
Semantics: returns‘true” if thesizeof the Containelis 0

4.1.3 Location

A locationis an elementof a d-dimensionaEuclideanspaceE. It is representedby its

Cartesiarcoordinates{po, p1, - - - ,Pa—1)-

AssociatedTypes

e Coordinate type
A:.coordinate_type

Thetype of the coordinatey;, 0 < i < d — 1. Operationst, -, * mustbe defined
on this type. The coordinatetype shouldalsobe corvertible to a type that supports

operatiory.
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Notations

A A typethatis amodelof Location
a,b Objectsof typelL
C coordinateype: L::coordinate_type

i objectof typeunsigned int

Valid Expressions

e Coordinate AccessFunction

alil

Returntype: C
Precondition: 0<i1<d-1
Semantics: returnsthei** coordinateof the Location

e Coordinate Access~unction

a ==
Returntype: bool
Semantics: checksf two locationsareidentical
Models
e |ocation2d

e |ocation3d
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4.1.4 Geo-\alue

A Geo-\Alueis the baseelementa geostatisticadlgorithmoperatesn. It is definedby a
Locationu anda propertyvalue,which canbe eithercateyorical (sand’,’'mud’, ... ) or

continuous.

AssociatedTypes

e Property type
A:property_type
The type of the propertyvalue hold by the Geo-\alue. It could be a floating point
type(double , float ) ora“discretetype”(int , bool ,...).
¢ |ocation type
A::location_type

A typethatis amodelof Location.

Notations

A A typethatis amodelof Geo-\alue
Objectof type G

a
P thetype of the propertyassociatedo A
p Objectof type P

L

thetypeof thelocationassociatedo A

Valid Expressions

e Accessproperty value
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a.property_value()

Returntype: P

Semantics: returnsa referenceto the propertyvalue hold by the Geo-
Value. Expressiona.property _value() = X must
bevalid.

e Get Location

a.location()
Returntype: L
Semantics: returnsthelocationof the Geo-\alue
Models
e node_2d
e node_3d

4.1.5 Neighborhood

Call f abinarypredicataakingtwo geo-\aluesasargumentslf u is ageo-\alue,aNeigh-

borhoodof u in U is thesetof geo-\aluesV (u) suchthat:
Vu)={velU / f{(u,v)=true}

u is calledthe centerof the Neighborhood.A neighboris, of course,an elementof the
Neighborhood.The neighborhoodcan be madeto containno morethana fixed number
of neighborsgvenif moregeo-\aluesactuallysatisfycriterion f. Theretainedgeo-\alues

could be selectedaccordingto their variogramdistancefrom the center or accordingto
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their “nature” (i.e. the geo-\alue’s propertyis a “hard datum”or is a previously simulated
value),etc.

In geostatisticswo typesof neighborhoodsre often used: elliptical neighborhoods
andwindow (or template)neighborhoodsAn elliptical neighborhoods a neighborhood
for which f(u, v) = true if v is insidea givenellipsoid centerecbn u. A window neigh-

borhood,s definedby asetof vectorshy, ... , h, and:

f(u,v) =true if Jje[l,n] v=u+h;

Refinementof

Container

AssociatedTypes

e NeighborhoodIterator
A:iterator

A neighborhoodteratoris amodelof Forward Iterator(seepreviousdescriptionand
[Austern,1999]). It is aniteratorthat returnsa geo-\alue when dereferencedand
supportoperator= (assignment)pperator++ (increment)pperatort (dereference)

andoperatorl= (comparison).

Notations
A A typethatis amodelof Neighborhood
a Objectof typeN
I A typetheis amodelof Forward Iterator

u An objectof atypethatmodelsLocation
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Valid Expressions

¢ find neighbors

a.find_neighbors(u)
Returntype:
Semantics:

e begin

a.begin()
Returntype:
Semantics:

e end

a.end()

Returntype:

Semantics:

e Size

a.size()
Returntype:
Semantics:

e Empty

a.empty()
Returntype:

Semantics:

a7

void

findsthe neighborsof locationu andstoresthem

returnsaniteratorto thefirst geo-\valuein theneighborhood

I
returnsaniteratorto onepastthelastgeo-\aluein theneigh-

borhood

unsigned int

returnsthe numberof geo-valuesin the neighborhood

atypethatis corvertibleto bool

returns‘true” if thesizeof theneighborhoods 0



48 SECTION4. CONCEPTSDEFINITIONS

Models

e elliptical_neighborhood

e window_neighborhood

4.1.6 Cdf

It is acumulative distribution function (cdf):
Fz: z+—— Prob{Z < z}

It canbe eitherdefinedanalytically (e.g. a Gaussiarcdf, or an exponentialcdf) or by a

family of couples(zi, Fz(zn)>, i =1,...,n (non-parametricdf).

AssociatedTypes

e Value Type
A:.value_type

Thetypeof z (seedefinitionabove).

Notations

A A typethatis amodelof Cdf

a Objectof type X

z Objectof type X::valuetype

P A typethatrepresentarealnumber(e.g.float, double)

p anobjectof type P
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Valid Expressions

e Cdf Evaluation

a.prob(z)
Returntype: P
Semantics: returnsp = Prob{Z < z}
Postcondition: 0 < p <1 (pisaprobability)

e Cdf Inverse

a.inverse(p)

Precondition: 0 < p <1 (pisaprobability)

Returntype: X::value_type

Semantics: returnsthevaluez suchthatp = Prob{Z < z}
Definition
A Cdfis valid if

e Vz Fy(z)€]0,1].
e F; isamonotonousincreasingunction.

This meandor examplethatorderrelationproblems(resultingfrom someindicatorbased

algorithms)mustbe correctedbeforethe objectis actuallya valid cdf.

Models

e gaussian_cdf

e discrete_variable_non_paramet ric_ cdf
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4.1.7 Non-Parametric Cdf

A non-parametricdf of variableZ is acdf F definedby a discretesetof points (zi, F(z,-)) ,
1 =1,...,n. If variableZ is cateyorical, the z; areall the possiblevaluesof Z, andthe
points (zi, F(zi)) fully describethe cdf of Z.

If ontheotherhandZ is acontinuousvariable,the points (zi, F(zi)> mustbeinterpo-

latedin orderto associata probabilityto any z-value.

AssociatedTypes

e Value Type
A:value_type

Thetypeof z (seedefinitionabove).

e Z-iterator
A:.z_iterator

Thetypeof theiteratorto thevaluesz, .. . , z, (seedefinitionabove).

e Z-iterator
A:p_iterator

Thetypeof theiteratorto thevaluespy, . . . , z, (seedefinitionabove).

Refinementof

Cdf



4.1. BASIC CONCEPTS

Notations

A A typethatis amodelof Cdf
a Objectof type X

m objectof typeunsigned int

Valid Expressions

e Resize
a.resize(m)
Returntype: void
Semantics: Redefinesthe size of the discretizationsz,, ...

P1,-- -, 2n. SPzcefor m valuesis allocated.

e Accesdo the beginning of the z-set

a.z_begin()
Returntype: z_iterator
Semantics: providesaniteratorto the z;'s

e Accesdo the end of the z-set

a.z_end()
Returntype: z_iterator
Semantics: providesaniteratorto the z;’s

e Accesdo the beginning of the p-set

a.p_begin()
Returntype: p_iterator

Semantics: providesaniteratorto thep;’s

51
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e Accesdo the end of the p-set

a.p_end()
Returntype: p_iterator
Semantics: providesaniteratorto thep;’s

4.2 Function Objects

A functionobject or functor, is anobjectthatcanbe calledusinganordinaryfunctioncall.
It canbe a pointerto a functionor anobjectwith a memberfunctionoperator() . For

example,objectsine is afunctionobject:

struct  sine{

double operator(double x) {return sin(x);}
2
becausef my sine is of typesine , my_sine canbe calledby: my sine(x) and

returnsin(z), justasif my_sine wasafunction.

4.2.1 Sampler

A samplerdetermines valuez accordingto a cdf F. Differentmethodsarepossible.The
mostusedis Monte-Carlosimulation:aprobabilityp is determinedandomlyandz is such
thatp = F(z). Anothersolutionwould beto useconstanprobabilitiesinsteadof random

ones.Hencez would bea givenquantileof the cdf.

AssociatedTypes

None
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Notations

A A typethatis amodelof Sampler
a anobjectof typeA

C A typethatis amodelof Cdf

c Objectof typeC

Valid Expressions

e Number generation

a(c)
Returntype: C::value_type
Semantics: returnsa realizationof randomvariable Z describedy its
cdfc.
Models

e random_sampler

Draws a valuefrom a cdf usingMonte-Carlosimulation.

e quantile_sampler

Returnsa givenquantileof the cdf.

4.2.2 Covariance

A covarianceis a positive-definitefunctionthat characterizethe correlationbetweenwo

randomvariables. In geostatisticsthe covarianceis computedbetweentwo stationary
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randomvariablesZ; (u) and Zy(u + h) (if Z; # Z, the covarianceis actuallya calleda

cross-cwariance) henceis a function of two locations:

O (w,m) — C(Z(w), Zs(us)

AssociatedTypes

None

Notations
A A typethatis amodelof Covariance
a anobjectof type A
L A typethatis amodelof Location

ul,u2 two objectsof typeL

T A typethatrepresentarealnumber(e.g.float,double)

Valid Expressions

e Compute covariance

a(ul,u2)
Returntype: T
Semantics: returnsthe covarianceC'(ul,u2).
Models

e spherical_covariance

e exponential_covariance
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4.2.3 Kriging Constraint

A kriging systemcanbe divided into two parts: one accountdor the correlationandthe
redundang betweenthe datamodeledthroughthe covariance while the otherexpresses
variousconstraintsas: “the kriging weightshave to sum-upto 1”. A functorthatmodels
Kriging  Constraint  setsup this secondpart of the system. It takesin chage of
definingthetotal sizeof thekriging systemandfilling in thekriging matrix entriesbelong-

ing to non-covarianceterms.

Notations

A atypethatis amodelof Kriging Constraint

a anobjectof type A

M an object of type Matrix (seethe descriptionof kriging

in 5.4.1for adetaileddescriptionof thistype)
\% an object of type Vector (seethe descriptionof kriging
in 5.4.1for adetaileddescriptionof thistype)

first apointerto anarrayof pointersto “neighborhoods”

Nv thenumberof pointersto neighborhood# thearray*“first”
pointsto
u anobjectof typethatmodelsLocation

Valid Expressions

e Set-upthe system

a(M,V,ufirst,Nv)
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Returntype: atypecorvertibleto unsigned int

Semantics: Thetotal sizeN of thekriging systemis computedrom the
total numberof neighboringdata. The kriging matrix M is
thenresizedto N x N, andvectorV (secondnemberof the
kriging system)is resizedto N. Finally, the partof the sys-
tem that doesnot dependon the covarianceds computed,
possiblyusing locationu andthe neighboringgeo-\alues
of u. Thereturnedvalueis thetotal numberof conditioning

data,i.e. the sumof the sizesof theall neighborhoods.

Models

e OK_constraints

Imposeghe constraintf ordinarykriging

e KT_constraint

Imposeghe constraintf kriging with trend

4.2.4 Covarianceset

Cokrigingof variableZ; accountingor variables?,, ... , Z,, requireshecovariancese-
tweenall thevariables:C; ;(h), 4,5 = 1,... , M. Thesecovariancesarespecifiedthrough
a CovarianceSet. Differentmodelscanactually be usedto determinethesecovariances.
The full cokriging approach(LMC approach)s very demandingoecauset requiresthe
completeknowledgeof all covariancefunctionsC; j(h). Modelingcross-coariancegrom

datais a difficult task,becausall the covariancesannot be modeledndependentlyrom
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oneanother TheMarkov modelsMM1 andMM2 alleviatethedifficultiesof full cokriging
by usingonly the collocatedsecondaryariables:the cokriging of locationu dependsn
theneighboringvaluesof Z; (u+h;) andonly thecollocatedvariablesZ;(u),i = 2,... , M
(insteadof mary neighborhoodsf variables:Z;(u + hi)). Hencethe covariance<; ; (h),
i,7 =2,..., M needonly bemodeledfor distanceh = 0. Moreover, thecovarianceg™, ;,
Jj = 2,..., M are(approximately)proportionalto C ; or C; ;, dependingpn the Markov

approximatiorused(MM1 or MM2).

Notations
A atypethatis amodelof Covarianceset
a anobjectof type A
L atypethatmodelsLocation

ul,u2 objectsof typelL

i J objectsof type convertibleto unsigned int

Valid Expressions

e Set-upthe system

a(i,j, ul,u2)
Returntype: atypecorvertibleto double
Semantics: returnsthe covariancevalueC; ;(u;, us)
Models

e LMC_covariance

e MM1_covariance

e MM2_covariance
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4.2.5 SingleVariable Cdf Estimator

A Single Variable Cdf Estimator(more preciselya conditional-cdfestimator)estimates
a conditionaldistribution function of variable Z at a locationu given someneighboring
Z-values. It can estimateparametriccdf’'s (usually Gaussian)or non-parametriccdf’s,

usingdifferentapproachekriging, searchrees SNESIM|[Strebelle 2000])or evenneural

networks ([CaersandJournel, 1998]).

Notations

A atypethatis amodelof cdf estimator

a anobjectof type A

f anobjectof atypethatmodelsCdf

u anobjectof atypethatmodelsalocation

\Y, anobjectof atypethatmodelsa neighborhood

Valid Expressions

e Estimate cdf

a(u,Vv,f
Returntype: int
Semantics: estimatesthe “parameters”of cdf f (mean and vari-

ance in the caseof a Gaussiancdf, or the probabili-
ties Prob(Z < z;)) = F(z), 1 = 1,...,n, if F is non-
parametric).Thereturnedvalueis 0 if no problemwasen-

counteredduringthe executionof thefunction.
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Models
e gaussian_cdf_Kestimator : estimatorof a gaussiarcdf usingkriging (K)
e indicator_cdf_Kestimator . estimatorof anon-parametricdf usingindica-
tor kriging
e search_tree_estimator . estimatorof a non-parametricdf using a search

tree(SNESIM)

4.2.6 Multiple Variables Cdf Estimator

A Multiple VariablesCdf Estimatorestimates conditionaldistributionfunctionof variable
Z, atalocationu given someneighboringinformation. This information canconsistof
outcomesof several differentvariablesZ,, ... , Zy,. A Multiple VariablesCdf Estimator
canestimateparametriccdf's (usually Gaussianpr non-parametricdf’s, usingdifferent

approacheskriging, searchtrees(SNESIM[Strebelle,2000]).

Notations
A atypethatis amodelof cdf estimator
a anobjectof type A
f anobjectof atypethatmodelsCdf
u anobjectof atypethatmodelsalocation
\% a pointerto an array of pointersto objectsof a type that
modelsNeighborhood

Nv thenumberof variablegprimaryandsecondary)
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Valid Expressions

e Estimate cdf

a(u,V,Nv,1)

Returntype: int

Semantics: estimatesthe “parameters”of cdf f (mean and vari-
ance in the caseof a Gaussiancdf, or the probabili-
ties Prob(Z < z;)) = F(z), i = 1,...,n, if F is non-
parametric).Thereturnedvalueis O if no problemwasen-
counteredduringthe executionof thefunction.

Models
e gaussian_cdf_coKestimator . estimatorof a gaussiarcdf using cokriging
(coK)

4.3 lterators

4.3.1 Geo-\alue lterator

A geo-\alueiteratoris aniteratoron a setof geo-\alues. This setcould be for examplea
simulationgrid, a region of a simulationgrid or a Neighborhood.Geo-\alueiteratorscan
be randompathsthroughthe setof geo-\aluesor deterministicpaths. Thesepathscanbe
constrainedo visit every geo-\alueonly once,or they canallow multiple visitsto thesame

geo-\alue.Someiterative simulationmethodsstartthe simulationwith a seedmagewhich
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is iteratively modified. Eachlocationto be modifiedis chosenrandomly and the same

geo-\aluecanbechangedwice in arow, while othergeo-\alueswould never bevisited.

Refinementof

Forward Iterator

AssociatedTypes

e Value Type
I::value_type

Thetype obtainedby dereferencindapplyingoperator*) to a modelof Geo-\alue

Iteratot

Notations

I A typethatis amodelof geo-\alueiterator
] objectsof typel

G A typethatis amodelof Geo-\alue

Valid Expressions

e Assignment
=
Returntype: atypethatis corvertibleto bool
Semantics: ] isassignedoi

e Preincrement

++i
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Returntype: I

Precondition: i is dereferenceable

Semantics: i is modifiedto pointto thenext value
Postcondition: I is dereferenceabler onepasttheend

e Postincrement

i++
Returntype: I
Precondition: | is dereferenceable
Semantics: i is modifiedto pointto thenext value
Postcondition: i is dereferenceabler pasttheend

e dereference

*

Returntype: G
Precondition: i isincrementabléoperator++ canbeappliedtoi )
Semantics: Returngtheelement is pointingto.

e comparison
i'=j
Returntype: atypecorvertibleto bool

Semantics: Returndrueif i isdifferentfromj ,i.ei andj arepointing

to differentelements.

Models

e random_path

e deterministic_path
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Section5

Algorithms and Classes

GsTL hasthreemain constituentsa library of genericalgorithms,a thoroughdescription
of the conceptaisedby thesealgorithms(Chapterd), andfinally alibrary of modelsof the
conceptsi.e. objectsthatmeettherequirementsf the conceptslefinedin Chapter4. This
Chapteiis areferencenanualto GsTL. It detailsall thealgorithmsandmodelsof concepts

availablein GsTL.

5.1 Algorithms

Thedescriptionf the algorithmsfollow the sameayoutusedby Austern(1999):

e The algorithm prototypeis stated. Somealgorithmscan have multiple prototypes.
Thefirst versionof the algorithmusuallyassumesomedefault behaior, which can

be overridenby usingthe secondversion.
e Preconditionslists all the conditionsto be metbeforethe algorithmcanbeused.

e Requirementon typesdetailswhatthetypesof thealgorithms’agumentanustbe.

65
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e Finally, averysimpleexampleis given.

All the examplesillustrating eachalgorithm’s descriptionrefer to the two following

simpleimplementation®f amodelof LocationandGeo-\alue:
class location2d{

public:
typedef int coordinate_typ e;
location2d(int X, int YY) {coord[0]=X; coord[1]=Y;}
int& operator[J(unsi gned int i) {
assert(i<2); return  coord[i];
}
private:
int  coord[2];
%
class geo_value2d{
public:
typedef double property_ type;
typedef location2d location_type;
geo_value2d();
geo_value2d(loc ation 2d u, double prop) : loc(u), pval(prop) &
const location_type& location() const {return loc;}
property_type& property_value() {return pval;}
const property_type& property_value () const {return pval;}
private:
double pval;
location2d loc;
3

5.1.1 Construct Non-Parametric Cdf

1. template<class non_param_cdf, class random iterato  r>
void
build_cdf(rando m_it er at or first, random_iterator last,

non_param_cdf& new cdf, wunsigned int nb_of threshol ds)

2. template<class non_param_cdf, class random_iterato r>
void
build_cdf(rando m_it er at or first, random_iterator last,

non_param_cdf& new_cdf)
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This function builds the cdf F' of a randomvariableZ from a setof outcomesof 7,

containedn range]first,last) . Cdf F'is afunctiondefinedby a setof thresholds;
andtheassociategrobabilitiesF'(z;), i = 1,... ,n.
In versionl, function agumentnb_of_thresholds indicatesthe numbern of

thresholdgo beusedto definethecdf. Then valuesretainedaren equally-spaceduantiles
of thedistribution. For example if n = 5, z; isthesmalleswvaluein rang€first,last) ,
z9 IS thefirst quartile,z3 is themedianz, is theupperquartile,andz; is thehighestvaluein
range[first,last) . With this versionof the algorithm, F'(z,) = Prob(Z < z;) = 0
andF(z,) = Prob(Z < z,) = 1.

Version2 of the algorithm assumeghat the cdf new_cdf is alreadyinitialized: it
alreadycontainsthevaluesz;, i = 1, ... ,n, andfunctionbuild_cdf = computeghecor-
respondingorobabilities F'(z;). This versiongivesa completeflexibility in the choiceof
thethresholdsaluesz;.

Notethatrange]first,last) will bemodifiedby build_cdf (it will besorted).

If therangemustnot be modified,acopy shouldbe madefirst.

Where defined

In headeffile <univariate_stats.h>

Preconditions

e Therange(first,last) isavalid range.

e Thevaluesin rangefirst,last) areof typecdf::value_type , Or arecon-

vertibleto thistype.



68 SECTIONS. ALGORITHMS AND CLASSES

Requirementson types

e random_iterator is a modelof RandomAccesslterator RandomAccessiter-
atoris arefinemeniof Forward Iterator If i is a modelof RandomAccesslterator
pointing to thei-th elementof arange,i-n is aniteratorto the (i-n)-th elementof
therange,i[n] is equialentto *(i+n) , andi<j comparedo iterators. For a

thoroughdescriptionof RandomAccesdterator see[Austern,1999].

e non_param_cdf isamodelof Non-ParametricCdf.

Example
int  main()
{

gaussian_cdf normal_cdf(0,1) ;
vector<double> gaussian_values

for(int i=1; i<=100; i++)
gaussian_values .p ush_back( normal_cdf.inve rs e(drand48() ) );

non_parametric_  cdf new_cdf;

build_cdf(gauss ia n_val ues. begi n() , gaussian_values .e nd(),
new_cdf);

new_cdf now containsa discreterepresentatiomf a standardnormal cdf, andthe ele-

mentsof gaussian_values  aresorted.
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5.1.2 CDF Transform

template<class target_cdf, class data_cdf, class forward_iterat or >
void
cdf_transform(f orward it er at or first, forward_iterat or last,

data_cdf& from, target cdf& to)

cdf_transform transformgherangeof values|first,last) sothattheirfinal
cumulative distribution functionis to . Cdf from is the cumulative distribution function

beforethe dataaretransformedIt could be computedwith build_cdf

Where defined

In headeffile <univariate_ stats.h>

Preconditions

e Therange]first,last) is avalid range.

e Thevaluesin range|first,last) areof typetaret_cdf::value_type , or

arecorvertibleto this type.

Requirementson types

e forward_iterator is amodelof Forward Iterator

e target cdf isamodelof CDF

e data cdf isamodelof CDF
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Remark

Thevaluesin range]first,last) areoverwrittenby thetransformedralues.
Example

Transform100 uniformly distributed valuesso thatthe transformedvaluesfollow a stan-

dardnormaldistribution:

int  main()

{

vector<double> uniform_values;

for(int i=1; i<=100; i++)

uniform_values.

push_back( rand() );

non_param_cdf  from;
vector<double> tmp(uniform_val ues);
build_cdf(tmp.b egin (), tmp.end(), from);

gaussian_cdf normal_cdf(0,1) ;

cdf_transform(u ni fo rm_valu es.b egi n(), uniform_values .en d(),
from, normal_cdf);

5.1.3 Kriging Weights

1. template<class
class
class

double
kriging_weights

location, class neighborhood,
covariance, class kriging_constra in ts ,
Vector>

(Vecto r& weights,
const location& center, const neigborhood* neighbors,
covariance&  covar, kriging_constra in ts & Kconstraint);
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2. template<class matrix_lib,
class location, class neighborhood,
class covariance, class kriging_constra in ts

class Vector>
double
kriging_weights (Vecto r& weights,
const location& center, const neigborhood* neighbors,
covariance&  covar, kriging_constra in ts & Kconstraint);

Thekriging_weights algorithmsolvesakriging system:

( Var( 320, AalZ(ua) — m(ue)] — [Z(u) - m(w)])  is minimum

{ Ai(0ad) =0

| f(1ad) =0
wherefi({/\a}> = 0,7 = 1,...,p arelinear constraintexpressedy the Kriging Con-

straintsKconstraint . Thesolutionto this systemis a setof weights:

()‘la"' :/\nnu‘l:"' 7#]))

wheretheweightsy; arethe Lagrangewveightsusedto accountfor constraintsfi, . .. , f,.

Thekriging_weights functionreturnsthe kriging varianceandstoresthe kriging
weightsinto Vector weights in thefollowing order: (Ay,... , Ay, ft1,- -, 11p). Only
theweights)y, ... , A, areusefulto computethekriging estimate Theweightsy, . . . , 1,
are usedto computethe kriging variancewhich is returnedby the function. Vector
weights doesnot needto be of the correctsizen + p whenpassedo the function: the
functionautomaticallyresizeghevectorif necessary

Version2 of the algorithmallows to changethe linear algebralibrary (which defines

matricesmatrix inversionroutines.. . . ) usedby kriging_weights (see5.4).
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Where defined

In headeffile <kriging.h>

Requirementson types

e Vector is acontaineronwhich aniteratoris defined. It musthave threemember

functionswhoseprototypesare:

1. iterator Vector::begin() which returnsan iterator to the first ele-
mentof theVector

2. size_type  Vector::size() whichreturnsthe sizeof the Vector .

3. void Vector::resize(size_type n) which changeghe size of the
Vector ton

e location is amodelof Location.

e neighborhood is amodelof Neighborhood.Thelocationtype of the geo-\alues

containedn theneighborhoodnustbelocation

e covariance is amodelof Covariancethattakestwo objectsof type location

asarguments.
e kriging_constraints is amodelof Kriging Constraints.

e matrix_lib specifieghelinearalgebrdibrary to use.Therequirementenmatrix_lib
arefully definedin 5.4. By default, it is the TNT library (slightly modified),a public
domainlibrary by RoldanPozo,MathematicahndComputationaScience®ivision,
Nationallnstituteof StandardendTechnology Thelibrary is freely availablefrom

http://math.nist.gov/tnt/
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Remarks

e Vector weights is resizedafterit is passedo kriging_weights , unlessit
is of the correctsize. The costof this resizecanbe decreasethy smartlymanaging
theVector 'smemory(in the samestyleasan STL vector ): thevectorallocates
morememorythanit needshencedoesnotneedto re-allocatenemoryeachtime its

sizeincreases.

However, eachcall to kriging_weights implies a matrix inversion,hencethe

costof theresizewould usuallybe negligible.

e If thesamedataz(u,), ... ,z(uq) areusedfor estimatingdifferentlocations,algo-
rithm global_neigh_kriging_weights canbe moresuitablethan
kriging_weights . The kriging matrix doesnot dependon the locationto be
estimatedput only on the datalocationsuy, . .. , uy. Henceif the exact samedata
are usedto estimatemultiple locations,the kriging matrix remainsunchanged:it
canbe invertedoncefor all andsolving further kriging systemseduceso a mere
matrix-vectormultiplication. global_neigh_kriging_weights implements

such“global kriging”.

Example

Estimatez(0,0) from z(2,3) = 0.21 and z(4,—7) = 0.09 by ordinary kriging. After
the call to kriging_weight , vectorweights hassize 3; its two first elementsare
the weightscorrespondindo z(2, 3) andz(4, —7) respectiely, andits lastelementis the

Lagrangeparameter
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typedef  std::vector<geo_ valu e2d> neighborhood;

/I gaussian covariance  of range 4
inline double gauss _covarian ce(L ocati on2d ul, Location2d u2){
double square_dist = pow(ul[0]-u2[0 ], 2) +
pow(ul[l]-u2.[ 1], 2);
return  exp(-3*square_d is t/ 16);

int  main()

{
location2d ul(2,3);
location2d u2(4,-7);

geo_value2d Z1(ul,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighbors;

neighbors.push_  back(Z1);

neighbors.push_  back (Z2);

location2d u(0,0);

std::vector<dou bl e> weights;

double kvariance = kriging_weights( weig ht s,

u, &neighbors,
gauss_covarianc e, OK_constraint);
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5.1.4 Cokriging Weights

1. template<class location, class neighborhood,
kriging_constra

class covariance_set, class
class Vector>

double

cokriging_weigh ts (Vecto r& weights,

const location& center,
first_neigh,
unsigned int nb_of neighbor
covariance_set & covar,
kriging_constr ai nts & Kconstraint);

const neigborhood**

2. template<class matrix_lib,
class location, class neighborhood,
class covariance_set, class

class Vector>
double
cokriging_weigh ts (Vecto r& weights,

const location& center,
first_neigh,
unsigned int nb_of neighbor
covariance_set & covar,
kriging_constr ai nts & Kconstraint);

const neigborhood**

Thecokriging_weights algorithmsolvesa cokrigingsystem:

/

—[Z(u) — m]) IS minimum

A(ah Padio s e }) =0

5ok Dk A }) =0

kriging_constra

Var( i AalZ(ua) — m(ua)] + X3 Y5 A(Z(ah) - m(u))]

75
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where f,~<{/\a}, {Aar}s--- ,{)\QNU}>, ¢ = 1,...,p arep constraintsexpressedby the
Kconstraint  s. Thesolutionto this systemis a setof weights:

ALy s An AL e ,)\fj}gv,ul, ..., Itp), Wherethe weights ;1; are the Lagrangeweights
usedto accounffor theconstraintsfy, . .. , f,.

Thecokriging_weights functionreturnsthekriging varianceandstoreshekrig-
ing weightsinto Vector weights in thefollowing order:
CITIITIND WD ¢ S ,)\%v,ul,... s Kp)-

Only theweights)y, ... , )\,]flgv areusefulto computethekriging estimate Theweights
M, - .., 1y areusedto computethe kriging variancewhich is returnedby the function.
Vector weights doesnot needto be of the correctsize n + p when passedo the
function.

Version2 of the algorithmallows to changethe linear algebralibrary (which defines

matricesmatrix inversionroutines.. . . ) usedby cokriging_weights (see5.4).

Where defined

In headefile <kriging.h>

Requirementson types

e Vector is acontaineron which aniteratoris defined. It musthave threemember

functionswhoseprototypesare:

1. iterator Vector::begin() which returnsan iterator to the first ele-

mentof theVVector

2. size_type  Vector::size() whichreturnsthe sizeof the Vector .
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3. void Vector::resize(size_type n) which changeghe sizeof the

Vector ton

e |ocation is amodelof Location.

e neighborhood is a modelof Neighborhood.Thelocationtype of the geo-\alues

containedin the neighborhoodnustbe location . Cokriging requiresmultiple
neighborhoodsnb_of neighborhoods in total. Pointersto theseneighbor
hoodsmustbe storedin an arrayfirst_neigh , sothat first_neigh[0] is

apointerto thefirst neighborhood.

e covariance_set isamodelof CovarianceSet.In expressiorcovar(i,j,ul,u2)

requiredby CovarianceSet,ul andu2 mustbeof typelocation

e kriging_constraints is amodelof Kriging Constraints.

e matrix_lib specifieghelinearalgebrdibrary to use.Therequirementenmatrix_lib
arefully definedin 5.4. By default, it is the TNT library (slightly modified),a public
domainlibrary by RoldanPozo,MathematicahndComputationaScience®ivision,
Nationallnstituteof StandardendTechnology Thelibrary is freely availablefrom

http://math.nist.gov/tnt/

Remarks

Vector weights s resizedafterit is passedo cokriging_weights , unlessit is
of the correctsize. The costof this resizecan be decreasedy smartly managingthe
Vector 'smemory(in thestyleof anSTL vector ). However, eachcallto cokriging_weights

impliesa matrix inversion,hencethe costof theresizewould usuallybe nggligible.
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Example

Estimatez (0, 0) from z(2,3) = 0.21, 2(4, —7) = 0.09 andonesecondarydatas(1,3) =
42.1 by ordinary(full-)cokriging. After thecall to kriging_weight , vectorweights
hassize5; its threefirst elementsare the weightscorrespondingdo z(2, 3), z(4, —7) and

s(1, 3) respectrely, andits two lastelementsarethe Lagrangeparameters.

typedef  std::vector<geo valu e2d> neighborhood;
int  main()
{

location2d ul(2,3);
location2d u2(4,-7);

geo_value2d Z1(ul,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighborsl, neighbors2;

neighborsl.push  _back(Z 1) ;

neighborsl.push  _back(Z 2) ;

location2d u3(1,2);

geo value2ad S1(u3,42.1);

neighbors2.push  _back(S 1) ;

neighborhood* neigh_array[2] ={ &neig hbor s1, &neighbors2};
location2d u(0,0);

std::vector<dou bl e> weights;

double kvariance = kriging_weights( weig ht s,

u, nheigh_array, 2,
LMC_covariance, OK_constraint);
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5.1.5 Linear Combination

template<class iterator, class neighborhood>
double
linear_combinat io n(it erator begin_weights, iterator end_weights,

const neigborhood* neighbors)

Computeghelinearcombinationof theweightsin range
[begin_weights, end_weights) , andthe propertyvaluesof the geo-\aluescon-
tainedin the neighborhoodhat neighbors  pointsto. Denotel\, ... , Ap the weights,

andz(u;), ... ,z(uy) the geo-\aluespropertyvalues.linear_combination returns:
>l A z(w)
Where defined

In headefile <kriging.h>

Preconditions

P, the numberof weights,mustbe equalor greaterthanthe numberof geo-\aluesin the
neighborhood.The algorithmloopson the geo-\alues,henceif P > N only the N first
weightsareused theothersareignored.

Thetype of thegeo-\aluespropertymustbe corvertibleto double .

Requirementson types

e iterator is a model of Forward Iterator: it is assignablegdefault constructible,
supportsoperator++, operator* , andtwo iteratorscanbe comparedwith operator

I= . Thedereferencéypeof theiteratormustbe cornvertibleto double .
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e neighborhood isamodelof Neighborhood.

Example

Computethe kriging estimatefrom the kriging weights. gauss_covariance is the
Gaussiartovariancedefinedin the examplefollowing the descriptionof

kriging_weights

typedef  std::vector<geo valu e2d> neighborhood;
int  main()
{

location2d ul(2,3);
location2d u2(4,-7);

geo_value2d Z1(ul,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighbors;
neighbors.push_  back(Z1);
neighbors.push_  back(Z2);

location2d u(0,0);

std::vector<dou bl e> weights;
double kvariance = kriging_weights( weig ht s,
u, &neighbors,
gauss_covarianc e, OK_constraint);
double kmean = linear_combine( wei ghts .b egin( ), weig ht s.e nd() ,
&neighbors);
}
Replacingthelastline by
std::vector<dou bl e>::i terator end weights = weights.begin() +2;
double kmean = linear_combine( wei ghts .b egin( ), end_weights,

&neighbors);
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would have led to the samevalueof kmean.

5.1.6 Multi Linear Combination

template<class iterator, class neighborhood>
double
multi_linear_co mkn at ion (i te rato r begin_weights, iterator end_weights,

const neigborhood** first_neighbors
unsigned int nb_of neighborh  oods)

Computeghelinearcombinationof theweightsin range
[begin_weights, end_weights)  andthe propertyvaluesof the geo-\aluescon-
tainedin the neighborhoodsn arrayfirst_neighbors . first_neighbors is an
array of pointersto neighborhoodsso that first_neighbors[0] is a pointerto the
first neighborhood.nb_of neighborhoods is the total numberof pointersto neigh-
borhoodsn thearray Denote), . .. , Ap theweights.andz;(w)), ... ,z(ul,),j =1,... , N,
propertyvaluesof thegeo-\aluescontainedn the N, neighborhooddinear_combination

returns:

Ny T
DD agiy) 7(ud)

=1 i=1

wherea(i, j) = Y0~ ny, + i

Where defined

In headeffile <kriging.h>
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Preconditions

P, the numberof weights,mustbe equalor greaterthanthe total numberof geo-\aluesin
all the neighborhoodsombined.The algorithmloopson the geo-\alues,henceif P > N

only theN first weightsareused the othersareignored.

Thetype of thegeo-\aluespropertieamustbe corvertibleto double .

Requirementson types

e iterator is a model of Forward Iterator: it is assignabledefault constructible,
supportsoperator++, operator* , andtwo iteratorscanbe comparedwith operator

I= . Thedereferencéypeof theiteratormustbe cornvertibleto double .

e neighborhood isamodelof Neighborhood.

Example

Computethe kriging estimatefrom the kriging weights. gauss_covariance is the

Gaussiarcovariancedefinedn theexamplefollowing thedescriptiorof kriging_weights



5.1. ALGORITHMS

int  main()

{

location2d ul(2,3);
location2d u2(4,-7);

geo_value2d Z1(ul,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighborsl,

neighborsl.push
neighborsl.push

_back(z 1) ;
_back(z 2) ;

location2d u3(1,2);

geo_value2ad Si
neighbors2.push

neighborhood*

(u3,42.1);
_back(S1);

neigh_array[2]

location2d u(0,0);

std::vector<dou

double kvariance

double kmean =

83

neighbors2;

={ &neig hbor s1, &neighbors2};

bl e> weights;

= kriging_weights( weig ht s,

u, heigh_array, 2,
LMC_covariance, OK_constraint);

multi_linear_co mbine(wei ghts. begi n(),

weights.end(),
neigh_array, 2);
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5.1.7 SequentialSimulation, Single-Variable Case

1. template<class gval_iterator, class neighborhood,
class cdf, class cdf _estimator, class marginal_cdf>
void
sequential_simu lati on(gval _iterator begin, gval iterator end,
neigborhood* neighbors, cdf& ccdf,
cdf_estimator& estim, marginal_cdf& marginal)
2. template<class gval_iterator, class neighborhood,
class cdf, class cdf estimator, class marginal_cdf,
class sampler>
void
sequential_simu lati on(gval _iterator begin, gval iterator end,
neigborhood* neighbors, cdf& ccdf,
cdf_estimator& estim, marginal_cdf& marginal,

sampler& samp)

This function performsa sequentiasimulationof the rangeof geo-\aluesdelimitedby
iteratorsbegin andend. At eachlocationu beingsimulated the neighborhoodf u is
retrieved and storedinto the neighborhoodhat neighbors  pointsto. If no neighboris
found, a new valueis simulatedfrom the maginal cumulatve distribution marginal
Otherwiseestim estimates conditionalcdf which is storedinto ccdf andanew value
is drawvn from ccdf .

In versionl, a new valueis simulatedusing Monte-Carlosimulation: a probability is
determinedandomlyandusedto draw arealizationfrom conditionalcdf ccdf .

Version2 allows to modify theway a simulatedvalueis dravn from theccdf .

Where defined

In headeffile <simulation.h>



5.1. ALGORITHMS 85

Preconditions
e Therange[begin,end) is avalid range.
e estim andccdf donotconflict: if estim is designedo estimateGaussiarcdf’s,

ccdf shouldbea Gaussiarcdf.

Requirementson types

e gval_iterator is amodelof Geo-\aluelterator

neighborhood is amodelof Neighborhood.

cdf isamodelof Cdf.

marginal_cdf  isamodelof Cdf. It canbedifferentfrom cdf .

cdf_estimator is amodelof Cdf Estimator

sampler (in version2) is amodelof Sampler

Example
A callto
Il

location2d u(0,0);
geo_value2d  Z(u,-99);

sequential_simu la te (&2, &Z+1,
neighbors_ptr, gauss_cdf,

gauss_cdf estim );

...

would simulatethe singlegeo-\alueZ.
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5.1.8 SequentialSimulation, Multiple-V ariable Case

1. template<class gval_iterator, class neighborhood,
class cdf, class cdf _estimator, class marginal_cdf>
void
sequential_cosi mua ti on(gv al _i te rator begin, gval_iterator end,

neigborhood* first_neigh,
unsigned int nb_of neighborh  oods,
cdf& ccdf, cdf estimator& estim,
marginal_cdf& marginal)

2. template<class gval_iterator, class neighborhood,
class cdf, class cdf estimator, class marginal_cdf,
class sampler>
void
sequential_cosi mua ti on(gv al _i te rator begin, gval_iterator end,

neigborhood** first_neigh,

unsigned int nb_of neighborh  oods,
cdf& ccdf, cdf_estimator& estim,
marginal_cdf& marginal, sampler& samp)

This functionperformsa sequentiasimulationof therangeof geo-\aluesdelimitedby
iteratorsbegin andend, accountingor multiple variables. At eachlocationu beingsim-
ulated,the conditionalcdf is estimateasedon the primaryinformationstoredin thefirst
neighborhoodfirst_neigh[0] , andthesecondarynformationcontainedn theother
nb_of neighborhoods-1 neighborhoodgfirst_neigh is anarrayof pointersto
neighborhood s). If ata givenlocationno neighboringdatais found, a new valueis
dravn from the mamginal cumulative distribution: marginal

In versionl, a new valueis simulatedusing Monte-Carlosimulation: a probability is
determinedandomlyandusedto draw arealizationfrom conditionalcdf ccdf .

Version2 allows to modify theway a simulatedvalueis dravn from theccdf .
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Where defined
In headeffile <simulation.h>
Preconditions
e Therange[begin,end) isavalid range.
o first_neigh[n] is a pointerto the (n+1)-th neighborhoodo be accountedor.

(n< nb_of neighborhoods ).

e estim andccdf donotconflict: if estim is designedo estimateGaussiarcdf’s,

ccdf shouldbea Gaussiarcdf.

Requirementson types

e gval_iterator is amodelof Geo-\aluelterator

e neighborhood isamodelof Neighborhood.

e cdf isamodelof Cdf.

e marginal_cdf isamodelof Cdf. It canbedifferentfrom cdf .

e cdf estimator is amodelof Cdf Estimator

e sampler (in version2)is amodelof Sampler
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5.1.9 P-Field Simulation
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1. template<class gval_iterator, class forward_iterat or,
class neighborhood, class «cdf, class cdf estimator>
void
pfield_simulati on(g val_ite rator begin, gval_iterator end,
neigborhood* neighbors,
cdf& ccdf, cdf_estimator& estim,
forward_iterat or pf_begin, forward_iterator pf_end)
2. template<class gval_iterator, class forward_iterat or,
class neighborhood, class cdf, class cdf estimator>
void
pfield_simulati on(g val_ite rator begin, gval iterator end,
neigborhood** first_neighbors,
unsigned int nb_of neighbor hoods,
cdf& ccdf, cdf_estimator& estim,
forward_iterat or pf_begin, forward_iterator pf_end)

This function performsa p-field simulationon geo-\aluesin range[begin,end)

For eachgeo-\alue,a cdf conditionalto only the original data(contraryto sequentiakim-

ulation wherethe cdf at eachgeo-\alueis conditionalto both the original dataandthe

previously simulatedvalues)is estimatedby Cdf Estimatorestim . All the cdf's arethen

sampledusingthecorrelatedorobabilitiesstoredin range[pf_begin,
standsfor p-field). The cdf correspondingo the geo-\alue that begin+i

sampledusingthe probabilitythat pf _begin+i

pf_end) (“pf”
pointsto, is

pointsto. Hencethe orderin which the

geo-\aluesandthe p-field valuesarestoredis important.

Version2 of thealgorithmallows to usemultiple propertiego estimatesachcdf.

Where defined

In headeffile <simulation.h>
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Preconditions

e Rangegbegin,end) and [pf_begin, pf_end) areof the samesize (i.e.

thereareasmary geo-\aluesasp-field values).

e Thevaluesof the p-field (in range[pf_begin, pf_end) ) areprobabilities,i.e.

realnumbershetweerD andl.

e estim andccdf donotconflict: if estim is designedo estimateGaussiarcdf’s,

ccdf shouldbea Gaussiarcdf.

e In version2 of thefunction,first_neigh[n] is a pointerto the (n+1)-thneigh-

borhoodto beaccountedor. (n < nb_of_neighborhoods ).

Requirementson types

e gval_iterator is amodelof Forward Iterator which iterateson Geo-\alues.It

is notamodelof Geo\aluelterator

e forward_iterator is a model of Forward Iterator, iterating on floating points

values.

e neighborhood is amodelof Neighborhood.Thefind methodof the neighbor
hood must consideronly original dataas potentialneighbors.andignoreary other

geo-\alue:in p-field simulation,eachcdf is only conditionalto the original data.

e cdf isamodelof CDE

e cdf estimator is amodelof CDF Estimator
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Remarks

The cdf correspondingo the geo-\alue that begin+i  pointsto, is sampledusing the
probabilitythatpf_begin+i  pointsto. This meanghatthetwo sequencesf geo-\alues
and p-field valuesaretightly linked. Elementi of the geo-\aluerangeand elementi of
the p-field form a pair. Swappingelementf eitherrangewould completelychangethe
correlationof the simulatedfield. In particular gval_iterator cannot be a random

path.

5.2 Basicclasses
Thedescriptionof the modelsfollow the samdayoutusedby Austern(1999):

e Theobjectprototypeis stated.

e Template Parameterslists whatarethe templateparametersandwhatkind of con-

ceptthey model(thesecouldbenon-GsTL concepts).
e Model of indicateswhatconcepis modeledby the object.

e Requirementon types describegpossibleadditionalrequirementson the template

argumenttypes.

e Membersis alist of all the memberfunctionof the object.

5.2.1 GaussianCdf

gaussian_cdf
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gaussian_cdf  definesa Gaussiarcumulatve distribution function of a continuous
variableZ. Thefunction andits inverseare computedusingnumericalapproximationsas
proposedy W.J.KennedyandGentle(1980)andAbramawitz andStegun (1965).In both

casegsheapproximatiorerroris lesserthan0.0001.

Where Defined

In headeffile <cdf.h>

Model of

Cdf

Members
e gaussi an_cdf::val ue_type
Thetypeof thevariableZ. It is setto bedouble .

e gaussi an_cdf: : gaussi an_cdf ()

Createsa standardsaussiarcdf (mean0 andvariancel).

e gaussi an_cdf: : gaussi an_cdf (doubl e m doubl e var)

Createsa Gaussiarcdf of meanmandvariancevar .

e doubl e& gaussi an_cdf: : nmean()

Returnshe meanof the cdf.

e const doubl e& gaussi an_cdf:: nmean() const

Returnsthe meanof the cdf.
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e doubl e& gaussi an_cdf::vari ance()

Returnsthevarianceof the cdf.

e const doubl e& gaussi an_cdf::variance() const

Returnshevarianceof the cdf.

e doubl e gaussi an_cdf: : prob(val ue_type z)

Returnsthe probability Prob(Z < z).

e val ue_type gaussi an_cdf::inverse(doubl e p)

Returnsthevaluez suchthatp = Prob(Z < z).

5.2.2 Non-Parametric Cdf, continuousvariable

non_param_cdf<lower _tail_inte rpol, middle_in terp ol,up per_ tail,

A non-parametriccdf of variable 7 is a cdf F' definedby a discreteset of points
(zi,F(zi)>, 1=1,...,n,z < ... <z, As Z is acontinuousvariable,the points
(zi, F(zz-)) mustbe interpolatedin orderto associatea probability to arny z-valuediffer-
ent from the z;’s. Call z an outcomeof Z differentfrom z; (for all 7). If z < 2z or
z > zn, afunction of type lower_tail_interpol or upper_tail_interpol
is usedto interpolatethe cdf and computeF'(z). If z; < z < z, afunction of type
middle_interpol is used. Similarly, when computingthe inverseof the cdf for a

probability p, if p < p; or p > p,, afunction of type lower_tail_interpol or
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upper_tail_interpol is usedto interpolatethe cdf andcomputeF~(p). If p; <
p < p, afunctionof typemiddle_interpol is used.
Where Defined

In headeffile <cdf.h>

Template Parameters

lower_tail_interpol thetype of the functionusedto interpolatethe lower tail of
thedistribution

upper_tail_interpol thetypeof the functionusedto interpolatethe uppertail of
thedistribution

middle_interpol the type of the function usedto interpolatebetweentwo

known valuesz; andz;4

T thecdf stypevalue.lt is double by default.

Model of

Non-ParametricCdf

Type Requirements

e lower_tail_interpol andupper_tail_interpol : anobjectthatmodels

theseconceptsnusthave two membeirfunctions:

1. double p(value type z1, double pl, value type 2)
returnsthe interpolatedvalueof p giventhepoint (z1,pl)andnew valuez.
2. value_type  z(value_type z1, double pl, double p)

returnstheinterpolatedvalueof z giventhe point (z1,pl)andnew valuep.
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e middle_interpol : anobjectthatmodelstheseconceptsnusthave two member
functions:
1. double p(value_type z1, double p1,

value_type z2, double p2, value type 2)

returnsthe interpolatedvalueof p giventhepoint(z1,pl)andnew valuez.

2. double z(value_type z1, double p1l,
value_type z2, double p2, double p)

returnstheinterpolatedvalueof z giventhe point (z1,p1)andnew valuep.

Members

e non_param cdf: :val ue_type

Thetypeof variableZ. It is setto bedouble by default.

e non_paramcdf::z iterator

An iteratorto thesequencef valuesz; < ... < z,. Itisamodelof Forwardlterator

e non_paramcdf::p_iterator

An iteratorto thesequencef valuesp; < ... < p,. Itisamodelof ForwardIterator
e non_param_cdf::  non_para m_cdf ()
Default constructar

e non_param_cdf::  non_param_cdf (z _i te rat or z_begin, z_iterator z_end)

Createsanon-parametricdf. Thez-valueszy, ... , z, arereadfromrang€z_begin,z_end)
Thecorrespondingrobabilitiesarenotinitialized. Therange]z_begin,z_end)

mustbe sorted,in increasingorder
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e non_param_cdf::  non_param_cdf (z _i te rat or z_begin, z_iterator Z_end,

p_iterator p_begin)

Createsa non-parametricdf.

The z-valueszy, ... , z, arereadfrom range[z_begin,z_end) , andthe corre-
spondingprobabilitiesarereadstartingfrom p_begin . Therangegz_begin,z_end)

mustbe sorted,in increasingorder

e void non_param_cdf: r esize (unsig ned int m)

Allocatesspaceor adiscretizatiorof sizem.

e void non_param _cdf: :z set( z_ it erator z begin, z_iterator Z_end)
Redefineghediscretizatiorz, . . . , z, to thevaluesin range[z_begin,z_end)
Therange[z_begin,z_end) mustbesorted,in increasingorder

Thenew discretizatiorcancontainmorevaluesthanthe previousone. The probabil-

ity valuescorrespondingo theformerdiscretizatiorareinvalidated.

e z iterator non_param_cdf::  z_begi n()

Returnsaamodelof Forwardlteratorto thefirst elemenof thediscretizatiore,, . . . , z,.
e z iterator non_param_cdf::  z_end()

Returnsa modelof Forward Iteratorto the endof thediscretizatiorz,, . .. , z,.
e p_iterator non_param_cdf::  p_begi n()

Returnsa model of Forward Iteratorto the first elementof the setof probabilities

bi,... ,Dn.
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e p_iterator non_param_cdf::  p_end()

Returnsa modelof Forward Iteratorto the endof the setof probabilitiesp,, ... , p,.

e doubl e non_param cdf:: prob(val ue_type z)

Returnsthe probability Prob(Z < z).

e val ue_type non_param cdf::inverse(doubl e p)

Returnsthevaluez suchthatp = Prob(Z < z).

5.2.3 Non-Parametric Cdf, categoricalvariable
categ_non_param_cdf<T>

categ_non_param_cdf<T> isanon-parametricdf of acateyorical(discrete)ari-
ableZ. It is definedby n cateyorylabelszy, . . . , z, andthecorrespondingrobabilities.We

definethe cumulative probability of beingin classz; by:
j—1
Prob(Z < z;) = ZProb(Z = 2z;)
i=1

Where Defined

In headeffile <cdf.h>

Template Parameters

T thecdf’ stypevalue.It canbeary “discrete”type(e.g.int

orbool ). Itisunsigned int by default.
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Model of

Non-ParametricCdf

Members

Theleadingcateg_non_param_cdf: is omitedin thefollowing list of membeifonc-

tions.

e cat eg_non_param cdf::val ue_type

Thetypeof variableZ. It is setto beunsigned int by default.

e non_paramcdf::z iterator

An iteratorto thesequencef valuesz; < ... < z,. Itisamodelof Forwardlterator

e non_paramcdf::p_iterator

An iteratorto thesequencef valuesp; < ... < p,. Itisamodelof ForwardIterator

e categ _non_param _cdf ()

Default constructor

e categ non_param _cdf (z _iter at or z_begin, z_iterator z_end)

Createsa non-parametricdf.

z_iterator is amodelof Forwardlterator Thez-valuesz, ... , z, arereadfrom
range[z_begin,z_end) . Thecorrespondingrobabilitiesarenotinitialized.
e categ _non_param _cdf (z _i ter at or z_begin, z_iterator z_end,

p_iterator p_begin)
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Createsa non-parametricdf.

z_iterator and p_iterator are modelsof Forward Iterator The z-values
z1,- .., 2, arereadfrom range[z_begin,z_end) , andthe correspondingprob-
abilities are readstartingfrom p_begin . Sincethe probabilitiesare cumulatve
probabilities,the (cumulatve) probability associatedo the last classis necessarily

equalto 1.

void non_param_cdf: :r esize (unsig ned int m)

Allocatesspacefor adiscretizatiorof sizem.

void z_set(z_iterat or z_begin, z_iterator z_end)
Redefineghelabelszq, . .. , z, to thelabelsin range[z_begin,z_end)
Z_iterator is amodelof Forwardlterator Thenew setof labelscancontainmore

valuesthanthe previous one. The probability valuescorrespondingo the former

labelsareinvalidated.

Z_iterator categ_non_param _cdf :;: z_begin ()

Returnsa modelof Forward Iteratorto thefirst elementof setz,, ... , z,.
Z_iterator categ_non_param _cdf:: z_end()

Returnsa modelof Forward Iteratorto theendof setz, ... , z,.
p_iterator non_param_cdf::  p_begi n()

Returnsa model of Forward Iteratorto the first elementof the setof probabilities

bi,... ,Dn.
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e p_iterator non_param_cdf::  p_end()

Returnsa modelof Forward Iteratorto the endof the setof probabilitiesp,, .. . , p,.

e doubl e categ_non_param cdf: : prob(val ue_type z)

Returnsthe probability Prob(Z < z).

e val ue_type categ_non_param cdf::inverse(doubl e p)

Returnsthevaluez suchthatp = Prob(Z < z).

5.3 Function Object Classes

5.3.1 Random Sampler
random_sampler<random_number_  gener ator >

random_sampler randomlydravsavaluez from acdf F': arandomprobabiltyp is
generatedandz = F~!(p). By default, probabilityp is generatedby drand48 , arandom
numbergeneratoof stdlib.h thatusesthelinear congruentiablgorithmand48-bit integer
arithmetic.

Where Defined

In headeffile <sampler.h>

Model of

Sampler
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Type Requirements

random_number_generator is a function objectthattakesno agumentandreturns
adouble betweerD andl. Its constructomusttake along int asamumentto seed

the pseudo-randomumbersequence.
Members
e random_sampler: :r andom_sampl er ()

Default constructor

e random_sampler: :r andom_sampl er (I ong int seed)

ConstructorInitializesthe randomnumbergeneratowith seed .

e template<class cdf>
typename cdf::value_typ e
operator()(cdf f)

Functioncall operator Typecdf is amodelof Cdf. Drawsavaluefromf .

5.3.2 SimpleKriging Constraints
SK_constraints

In simple kriging, the error varianceis minimized without ary additionalconstraint.

Thekriging systemis then:

{ Var(ZZZl Aol Z(ug) — m(uy)] — [Z(u) — m(u)]) is minimum
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or, if secondaryariablesareaccountedor:

Var( Sy AalZ(ua) = m(ua)] + 0% S5 Al () — m(uly)]
—[Z(u) — m]) iS minimum
SK_constraints computeghe kriging systemsize,resizeshe kriging matrix and
thesecondnembeyrandreturnsthe systemsize.

Where Defined

In headeffile <kriging.h>

Model of

Kriging Constraints

Type Requirements

Seeb.4for athoroughdescriptionof therequirement®n the matrix library.

Members

e SK_constraints: :SK_constra in ts ()

Default constructor

e template<class neighborhood, class location, class Matrix, class Vector>
unsigned int
SK_constraints: ;o perator() (Matri x& A, Vector& b,
const location& u
Neighborhood** first_neigh,

unsigned int nb_of neighbor hoods)
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Functioncall operatorneighborhood isamodelof Neighborhoodandlocation

is a model of Location. A is the kriging matrix and b the secondmemberof the
kriging system. u is the location being estimated. The function returnsthe total
numberof neighbors,i.e. the sum of the numberof neighborsin eachneighbor
hoods. Therequirement®n conceptdVatrix andVectorarefully describedn 5.4.

first_neigh is anarrayof pointersto neighborhood s.

5.3.3 Ordinary Kriging Constraints
OK_constraints

In ordinarykriging, the errorvarianceis minimizedwith the constrainthatthe kriging

weightssum-upto 1. Thekriging systemis then:

Var ( S MalZ(us) — m(ug)] — [Z(u) — m(u)]) is minimum

> Aa=1

or, if secondaryariablesareaccountedor:

[ Var( i AalZ () — m(ue)] + XN S5 () — m(u))

—[Z(u) — m]) iS minimum

ZZ:IAOC:l
ni(u) yi _ C
\Zﬁzl ANg=0 i=1,...,N,

OK_constraints computeghe kriging systemsize,resizeshe kriging matrix and
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thesecondnembercomputeshetermsof thesystenthatareassociatewith theconstraint
onthekriging weightsandfinally returnsthe systemsize.
Where Defined

In headeffile <kriging.h>

Model of

Kriging Constraints

Type Requirements

Seeb.4for athoroughdescriptionof therequirement®n the matrix library.

Members

e OK_constraints: :OK_constra in ts ()

Default constructor

e template<class neighborhood, class location, class Matrix, class Vector>
unsigned int
OK_constraints: ;o perator() (Matri x& A, Vector& b,
const location& u,
Neighborhood** first_neigh,

unsigned int nb_of neighbor hoods)

Functioncall operatorneighborhood isamodelof Neighborhoodandlocation

is a model of Location. A is the kriging matrix and b the secondmemberof the
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kriging system. u is the location being estimated. The function returnsthe total
numberof neighbors,i.e. the sumof the numberof neighborsin eachneighbor
hoods. Therequirement®n conceptdVatrix andVectorarefully describedn 5.4.

first_neigh is anarrayof pointersto neighborhood s.

5.3.4 Kriging with Trend Constraints
KT _constraints<forward_iterat or>

KT _constraints addsconstraintdo accountfor the variationsof the meanof the

kriggedvariableZ. The meanis assumedo be of theform:

K

m(u) = Z ax(u)fy (u)

k=0
wherea,;, areunknown but locally constantaaind f;, areknown functionsof u.

Thekriging systematlocationu is thengivenby:

[ Var(( 0, dalZ(10) — m(ug)] — [Z(u) ~ m(w)])  is minimum

< ZZ:Ma:l

\ > Aa(w)fk(uy) = fi(u) Vk e [1,K]
Kriging with trendis rarelyusedwith secondaryariables.HenceKT_constraints
assumeso secondaryariableis to be accountedor. KT_constraints computeghe
kriging systensize,resizeghekriging matrixandthesecondnembercomputegheterms
of the systemthat are associatedvith the constraintson the kriging weightsandfinally

returnsthe systemsize.
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Where Defined

In headefile <kriging.h>

Template Parameters

forward_iterator is amodelof Forward Iterator

Model of

Kriging Constraints

Type Requirements

Seeb.4for athoroughdescriptionof therequirement®n the matrix library.

Members

e KT_constraints( forward_ite rator begin, forward_iterato r end)

Constructaa KT_constraint . Therange[begin,end) containsthefunctions
fivi=1,..., K thatdefinethemeanof Z. Thesefunctionsmustbe unaryfunctions
andassociatéo a locationa valueof type corvertibleto double . The prototypeof

eachfunction f; mustbe:
double f(location u)

wherelocation is amodelof Location.
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e template<class neighborhood, class location, class Matrix, class
unsigned int
KT_constraints: ;o perator() (Matri x& A, Vector& b,
const location& u,
Neighborhood** first_neigh,

unsigned int nb_of neighbor hoods=1)

Functioncall operatorneighborhood isamodelof Neighborhoodandlocation
isamodelof Location.Ais thekriging matrixandb thesecondnemberof thekrig-
ing system.u is the locationbeingkriged. The functionreturnsthe total numberof
neighborsj.e. the sumof the numberof neighboran eachneighborhoodsThere-
quirement®nconceptdatrix andVectorarefully describedn 5.4.first_neigh

is anarrayof pointersto neighborhood s.

5.3.5 LMC Covariance

LMC_covariance<covariance_mat rix>

Cokrigingof variableZ;, accountingor secondaryariablesZ,, ... , Z,, requireshe
covariancegu;, uy) — Cjj(uy, uy).
LMC cokriging requiresthe knowledgeof the covariancesetweenary two locations

ui, Usg.

Where Defined

In headeffile <kriging.h>

Vector>
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Template Parameters

covariance_matrix

Model of

CovarianceSet

Type Requirements

iIs an object that has member function
covariance_matrix[int iJ[int il which
returnselement(i,j) of the matrix. The elementsof the

matrix mustbe modelsof Covariance

Theelementf the matrix mustbe modelsof Covariance

Members

e LMC_covariance:

:L MCcovari ance(c onst covariance_matr ix & A,

unsigned int size)

Construct®LMC_covariance . Matrix A containgointersto thecovariancgunc-

tions (u;, uz) — Ci;(uy, uy). size isthesizeof thecovariancematrix. It is equal

to thenumberof variablesN,,.

e double operator()(uns

ig ned int i, unsigned int ],

const location& ul, const location& u2)

Functioncall operator Returnsthe covarianceC; ;(uy, us).



108 SECTIONS. ALGORITHMS AND CLASSES

5.3.6 MM1 Covariance

MM1_covariance<covariance, matrix>

Full cokrigingof Z; accountingor secondaryariables?,, ... , Zy, requiregheinfer-
enceof all covariancefunctions(u;, uz) — C;;j(u;, uz) betweervariables andj. This
very difficult taskcanbe easedy consideringonly the colocatedsecondaryariables.The
underlyinghypothesess thatthe colocatedvaluescreensut theinfluenceof furtheraway
data.In this situation,only thecovariance<”; ; needbeinferred. TheMM1 approximation
alleviatethe modelingeffort furtherwith thefollowing approximation:

Cy,(0)

Chi(ug,up) = O Cr1(uy, uy)

whereC; ;(0) = C; j(u, u1) = Cjj(ug, ug)

This approximations acceptabléf the supportof the secondaryariabless notlarger
thanthe supportof the primary variable Z;. For example,if Z; is rock porosityand 7,
rock permeability MM1 approximations acceptablelt would not beif Z, wereseismic
amplitude,becauseseismicamplitudeis generallydefinedon a much larger scalethan

porosity

Where Defined

In headeffile <kriging.h>
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Template Parameters

covariance iIs amodelof Covariance
matrix is antype suchthatif Ais of typematrix , A[i][j] isa
valid expression(i andj aretwo integers),which returns

element(i,j) of A.

Model of

CovarianceSet

Type Requirements

Theelementof the matrix areof type corvertibleto double .

Members

e MM1 covariance: :MML1 covari ance(c onst covariance&  cov,

const matrix& A, unsigned int size)

Constructsa MM1_covariance . Covariancefunctioncov is Cy ;, andmatrix A
containsthe covariancevaluesC; ;(0). Notice that matrix A containsnumbersnot
pointersto functionsasin LMC. size isthesizeof thecovariancematrix. It is equal

to the numberof variables\,,.

e double operator()(uns ig ned int i, unsigned int |,

const location& ul, const location& u2)

Functioncall operator Returnsthe covarianceC; ;(ui, uy) usingthe MM1 approxi-

mation.
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5.3.7 MM2 Covariance
MM2_covariance<covariance_vec tor, matrix>

The MM1 approximationis notvalid if the supportof the secondaryariabless larger
thanthe supportof the primary variable.In this case the covariances”; ; canbeapproxi-
matedasfollows (MM2 hypothesis):

Cy,(0)

Cl,j(u17u2) = C, 1(O)CJ'J(Ul,llz)

This approximationis lessconvenientthanthe MM1 approximationbecausat requires

theinferenceof all covariances”} ;.

Where Defined

In headeffile <kriging.h>

Template Parameters

covariance_vector IS an object that has member function
covariance_vector[int i] , that returns ele-
menti of the vector The elementsf the vectormustbe
pointersto modelsof Covariance

matrix IS an object that has member function
matrix[int i][int j] , that returns element

(i,)) of thematrix.

Model of

CovarianceSet
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Type Requirements

e Theelementf thematrix areof typecornvertibleto double .

e covariance_vector containgpointersto modelsof Covariance.

Members
e MM2_covariance: :MM2 covari ance(c ovari ance_vector & cov_vect,

const matrix& A, unsigned int size)

Constructsa MM2_covariance . cov_vect containspointersto the covariance

functionsC;;, i =1,... ,N,.

Matrix A containsthe covariancevaluesC; ;(0). Noticethatmatrix A containsnum-

bers,not pointersto functionsasin LMC.

size isthesizeof thecovariancematrix. It is equalto the numberof variablesV,,.

e double operator()(uns ig ned int i, unsigned int |,

const location& ul, const location& u2)

Functioncall operator Returnsthe covarianceC; ;(u1, uy) usingthe MM1 approxi-

mation.

5.3.8 Kiriging-Based, GaussianCdf Estimator

gaussian_cdf Kestimator<covar ilance ,kri ging_ cons train ts,m atrix _lib
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This cdf estimatorassumeshe cdf of variableZ is Gaussianand doesnot account
for any secondaryariable. The meanandvarianceof the Gaussiarcdf are estimatedy

kriging.

Where Defined

In headeffile <cdf estimators.h>

Template Parameters

covariance is amodelof Covariance

kriging_constraints is model of Kriging Constraints. It is set by default to
OK_constraints<tnt_lib>

matrix_lib definesthelibrary of linearalgebrato be used.The default

valueistnt_lib ,theTNT library.

Model of

SingleVariableCdf Estimator

Members

The leadinggaussian_cdf_Kestimator:: is omittedin the list of memberfunc-

tions.

e gaussian_cdf Ke stimat or (co nst covariance&  cov,

const kriging_constra int s& Kconstraints)

Constructsa gaussian_cdf Kestimator . It requiresthe covariancefunction:
Cov (Z(u), Z(u + h)), and a setof kriging constraintge.g. simplekriging con-

straints).
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e template<class location, class neighborhood, class gaussian_cdf>
void operator()(con st location& u, const neighborhood& neighbors,

gaussian_cdf& ccdf)

Functioncall operator It estimateshe gaussiarcdf parametersandmodifiesccdf
accordingly location  is a modelof Location,andneighborhood is a model

of Neighborhood.
u is thelocationatwhich the Gaussiartonditionalcdf is estimated.

neighbors istheneighborhooaf locationu.

5.3.9 Cokriging-Based,GaussianCdf Estimator

gaussian_cdf co Kest imato r< covari ance_set,

kriging_constra in ts, mar ix _| ib>

This cdf estimatorassumesghe cdf of variableZ is Gaussianand doesaccountfor

secondaryariables. Themeanandvarianceof theGaussiardf areestimatedy cokriging.

Where Defined

In headeffile <cdf_estimators.h>
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Template Parameters

covariance_set is amodelof CovarianceSet

kriging_constraints is model of Kriging Constraints. It is set by default to
OK_constraints<tnt_lib>

matrix_lib definesthelibrary of linearalgebrato be used.The default

valueistnt_lib  ,theTNT library.

Model of

Multiple VariableCdf Estimator

Members

Theleadinggaussian_cdf _coKestimator:: is omittedin thelist of memberfunc-

tions.

e gaussian_cdf co Kest imat or( const covariance_set& Cov_set,

const  kriging_constrai nt s& Kconstraints)

Constructsa gaussian_cdf_coKestimator . Covariancesetcov_set gives

the covariances’; ;(u;, u;) betweervariablesZ (u;) andZ (u;).

e template<class location, class neighborhood, class gaussian_cdf>
void operator()(con st location& u, neighborhood** neighbors,
unsigned int nb_of neighbor hoods,

gaussian_cdf& ccdf)

Functioncall operator It estimateshe gaussiarcdf parametersandmodifiesccdf
accordingly location  is a modelof Location,andneighborhood is a model

of Neighborhood.
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u is thelocationatwhich the Gaussiartonditionalcdf is estimated.

neighbors isanarrayof pointersto neighborhoodsf locationu (*(neighbors+i)

pointsto thei** neighborhoof u, informing variablez,).

Therearenb_of_neighborhoods neighborhood# thearray

5.3.10 Indicator Cdf Estimator

indicator_cdf_e st imat or< covar_it erator,
constraints_ite ratormatri x_li b>
Indicatorkriging estimatesa non-parametricdf (zi, F(z,-)), i =1,...,n of variable

Z by kriging n indicatorvariables! (u, z):

{ 1 if z(u) < z

i(u, Zi) =
0 otherwise

Thekriging estimateof I(u, z) is indeedthe least-squaresstimateof
Prob(Z(u) < z) (seesection3.2).

Eachindicatorvariablecanbeestimatedisinga differentkriging method e.g. with dif-
ferentkriging constraintsThis cdf estimatoronly allows to changehekriging constraints,

andnoneof thekriging systemsanaccountor multiple variablegno cokriging).

It mustbestressedhatanindicatorCdf Estimatorexpectsn indicatorvariables/ (u, z;),

notthesinglevariableZ(u) itself.

Where Defined

In headeffile <cdf_estimators.h>
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Template Parameters

covar_iterator is amodelof Forward Iterator
constraints_iterator is modelof Forward Iterator
matrix_lib definesthelibrary of linearalgebrato be used.The default

valueistnt_lib  ,theTNT library.
Model of

Multiple VariableCdf Estimator

Type Requirements

e covar_iterator iterateson asetof pointersto covarianceunctions,i.e. pointers

to objectsthataremodelsCovariance.

e constraints_iterator iterateson a setof pointersto kriging constraintsj.e.

pointersto objectsthataremodelsof Kriging Constraints.

Members
The leadingindicator_cdf estimator:: is omittedin the list of memberfunc-
tions.
e indicator_cdf_e st imat or (co var_ it er ato r cov_begin,
covar_iterator cov_end,
constraints_ite rato r begin,
constraints_ite rator end)
Constructsaanindicator_cdf estimator . Range%f iterators

[cov _begin,cov _end) and[begin,end) neednotbe of thesamesize,nordo
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they needto be of sizen, the numberof discretization®f the non-parametricdf. If
they areof sizelesserthann, thelastelementf therangeis usedfor kriging there-
mainingindicators.For example,if n = 5 andboth[cov _begin,cov _end) and
[begin,end) containonly two elementsthefirst indicatorvariable/(u, z;) will

be kriged using covariance*cov_begin  andkriging constraintstbegin , while
all four remainingindicatorvariablesl (u, z;), i = 1,... , 4 will bekrigedusingthe

samecovarianceandthekriging constraint$(cov_begin+1) and*(begin+1)

e template<class location, class neighborhood, class non_parametric _cdf>
void operator()(con st location& u, neighborhood** neighbors,
unsigned int nb_of neighbor hoods,

non_parametric _cdf & ccdf)

Functioncall operator It estimateghe non-parametricdf parameterd”(z;) and
modifiesccdf accordingly location  is amodelof Location,and

neighborhood is amodelof Neighborhood.
u is thelocationat which the non-parametriconditionalcdf is estimated.

neighbors isanarrayof pointersto neighborhoodsf locationu (*(neighbors+i)
pointsto the " neighborhoodf u). Therearenb_of neighborhoods neigh-

borhoodsn thearray Neighborhood informsvariable(u, z).

ccdf mustcontainthevaluesz;, i =1,... ,n.

5.3.11 Search Tree

search_tree<neighborhood>
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Considerarandomvariable Z(u) which cantake K differentvaluesZi, ... , Zx. The
aim of a SearchTree s to infer the ccdf of Z(u) from a known realizationof Z(u):
z(uq,), ... ,2(uay), called“training image”.

Call T = {hy,...,h¢} thefamily of vectorsdefininga geometrictemplate(or “win-
dow”) of ¢ locations. Thesevectorsare also called nodesof the template. A dataevent

implied by T, atlocationu, is thesequencef values:
Dr(u) = {Z(u+hy),... ,Z(u+hy)}

u is calledthe centralnodeof the template.Provided the trainingimageis stationarythe
samedataevent(i.e. the samesequencef values)canbe obseredat differentlocations.

GuardianandSrivastaa (1993),andStrebelle(2000)proposedo modelthe probabil-
ity
P(Z(u) =2 | {z(u+hy),... 2(u+ ht)})
by thefrequeng of occurrencen thetrainingimageof event
z(ug) = 7 | {z(uq + hy), ... ,2(uy + hy)}

(u, is alocationof thetrainingimage):if for a givendataeventdr, therearen locations

u; in thetrainingimagesuchthat:
DT(ui) ZdT i= 1, ,

and amongthesen locations,n, are suchthat the centralpixel value z(u;) =z, (j =

1,...,m), thentheprobabilityP(Z(u) = 7y | dT) is modeledby

P(Z(u) =7 | dT) = %
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In somecasesgdataeventd; cannotbefoundin thetrainingimage.Call T._; thesubset
of T obtainedby droppingoneof the vectors(nodes)of T, andsimilarly, 7_; the subsebf
T afterdropping;j vectorsof T, for ary j € {0,... ,t — 1}, with 7_, = T'. If dataevent
dr cannot be foundin the training image,templateT is recursvely simplifiedinto 7",

., T_;, until dr_; canbefound. Typically, thenodesaredroppedaccordingo theamount
of informationthey bring in estimatingthe probability distribution of Z(u) = z. The

probability P (Z(u) = 7 | dT) is thenapproximatedy

P(Z(u) = 2 | dT) ~ P(Z(u) =2 | dT_j)

A searchreeis adatastructurethatenableso storeall thedataeventsdy._, (j=0,...,t—1)
presentn the training image,alongwith the correspondindgrequencief occurrenceof

z (k=1,..., K) atthecentralnode.

Where Defined

In headeffile <cdf estimators.h>

Model of

SingleVariableCdf Estimator

Members
e template<class forward_iterato r>
search_tree::se arch _tree(f orward iter at or begin, forward iterat or end

neighborhood&  neighbors)

Constructsasearch_tree
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forward_iterator is a model of Forward Iterator It iterateson a setof geo-

valuesthetrainingimage.

neighborhood is a modelof Neighborhood.It is usedto definethe dataevent

associatedo eachgeo-walue in range[begin,end) . It is usually a window-
neighborhood.
template<class location, class non_param_cdf>

void search_tree::o perator () (c onst location& u,
const neighborhood& neighbors,

non_param_cdf& ccdf)

Functioncall operator It estimateghe non-parametricdf parametersandmodifies
ccdf accordingly location  is a modelof Location,andneighborhood is a

modelof Neighborhood.
u is thelocationatwhich the Gaussiartonditionalcdf is estimated.

neighbors is neighborhooaf locationu. It mustbethe sameobject(or different
objectwith the samecharacteristicsasthe oneusedin the searchtree constructor
The orderin which the neighborsare storedinside the neighborhoods important.
Denoteu + h;, 7 = 1,... , N thelocationsof the N neighborsof u. Thealgorithm

assumeshatthe ;" geo-\aluein the neighborhoods Z(u + h;).

5.4 Changingthe Linear Algebra Library

Kriging, whichis attheroot of mary geostatisticadlgorithmsrequireshasiclinearalgebra

facilities, essentiallymatrix inversion. Most of the computingtime in kriging is actually
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spentbuilding andsolving the kriging system hencethe importanceof usingan efficient

linearalgebrdibrary.

The default library usedby GsTL is a slightly modifiedversionof TNT, the Template
NumericalToolkit. It is a publicdomainlibrary written by RoldanPozo,Mathematicabnd
ComputationalScience®Division, National Institute of Standardsnd Technology(it can
befreelydownloadedrom http://math.nist.gov/tnt/ ). Thislibrary waschosen

becausét is relatively efficient, it is easyto useandmodify, andit is public domain.

However, it is easyto changethe linear algebralibrary usedby the GsTL algorithms
without having to modify existing code.Theproceduras twofold. Thefirst stepis to wrap
all theneededunctionalitiesof thelibrary into asinglestructurecall it new_matrix_lib
This structurewill containnestedypes(a matrix type,avectortype,... ) andstaticfunc-
tions (for example static void inverse(matrix& A)), which musthonor the

requirementsletailedin section5.4.1.

Thefollowing is anextractfrom the TNT wrapper:
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template<class T>

struct  tnt_lib{

typedef  TNT::Subscript Subscript;
typedef  TNT::Matrix<T> tnt_Matrix;
typedef  TNT::Vector<T> tnt_Vector;

/I Cholesky factorization.
static inline int cholesky(TNT::M atri x<T>& A, TNT:Matrix<T>& B){

return  Cholesky upper_ fa ct oriza ti on(A,B);

I/l LU factorization.
static inline int LU_factor(TNT:: Mar ix <T>& A, TNT:Vector<in t> & index){
return  TNT::LU_factor( A, in dex);

static inline TNT::Matrix<T> transpose(TNT:: Mar ix <T>& A){

return  TNT:transpose( A);

It hasthreenestedypes: Subscript , Matrix , andVector which aredefinedby
TNT, andthreefunctions: a Cholesly factorization,a LU factorization,and a transpose
function,which simply call existing TNT functions.

Thesecondstepis to specializeéhe matrix library trait classfor thenew library wrapper

new_matrix_lib . The trait classis definedin <matrix_lib_traits.h> (for a
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detailedintroductionto the ideaof trait classessee[Myers, 1995]). What hasbeendone

in thecaseof TNT cansene asamodel.

5.4.1 Linear Algebra Library Requirements
Matrix

Thematrixtyperepresenta matrix of double andmusthave thefollowing interface:

e Matrix::Matrix()

Default constructor

e Matrix::Matrix(int m, int n)

Createsam * n matrix.

e double Matrix::operator()(subscript i, subscript )]
returnselement(i,j) of thematrix. Theindiceshave offsetl: thefirstelemenis (1,1),
not(0,0).subscript  isatypecorvertibletoint .

e int  Matrix::num_rows()

returnsthe numberof rows of the matrix

e int  Matrix::num_cols()

returnsthe numberof columnsof the matrix

e void Matrix::resize(int n, int m)

Resizegshe matrix to sizen x m.
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Vector

Vectortypeis avectorof double which hasthefollowing interface:

e Vector::Vector()

Default constructor

e Vector::Vector(int m)

Createsavectorof sizem.

e double Vector::operator()(subscript i)
returnselement of thevector Theindex hasoffset1: thefirst elements numberl,
not0. subscript  isatypecorvertibletoint .

e void Vector:resize(int n)

Resizeghevectorto sizen.

LU solwe
The prototypeof thefunctionmustbe:

template< class random_iterato  r>

int  LU_solve(Matrix & A, Vector& b, iterator solution_begin)

This functionsolveslinearsystemAz = b usinga LU decompositiorof A, andstores
theresultingvectorz in the containersolution_begin pointsto. This containemust
be of size equalto the size of vectorb. The iteratormustbe a RandomAccesslterator
A RandomAccesslteratoris arefinemenbof Forward Iterator If it is a RandomAccess
Iterator it[j] is avalid expressionwhich makesiteratorit pointto thej-th elementof

thecontainer
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Cholesky solve
The prototypeof thefunctionmustbe:

template< class random_iterato  r>

int Cholesky_solve(  Mari x& A, Vector& b, iterator solution_begin)

This function solveslinear systemAx = b usinga Choleslk decompositiorof A (A
mustbepositive-definite) andstoregheresultingvectorz in thecontainessolution_begin

pointsto. This containemustbe of sizeequalto the sizeof vectorb.






Section6

Two Example Applications

The algorithmsdescribedn chapter5 arenot numerouscomparedo the greathnumberof
geostatisticahlgorithmsonecanfind in theliterature. This doesnot meanthe algorithms
implementedn GsTL werelimited to a selectedew. The aim of the library designwas
indeedto obtain genericalgorithmsthat capturethe commonalitiesof the variousexist-
ing geostatisticahlgorithmsand capitalizeon thoseto provide a genericand extendable

implementation.

Two examplesof the genericnessf the algorithmsarepresentedThefirst onedetails
how to useGsTL to implementa kriging algorithmthat accountdor block averagecon-
straints.The notionof scalewasnever mentionedn GsTL algorithms,yetit is possibleto
useGsTL to constraintkriging to block data,i.e. datathatinform a larger supportthana

singlepoint.

Thesecondexampleshowvs how thekriging algorithmof GsTL couldbeintegratedinto

anexisting software,gOcad to estimategrids of complex geometry

127
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6.1 Kriging constrainedto a block averagevalue

Thetraditionalkriging algorithmestimatesariableZ at locationu from dataof the same

support: the dataare either relatedto pointsin space,or supportsof identical volumes.

However, it is sometimesiecessaryo accountfor informationat otherscales.
Considerthe casewherea locationu in spaceregion V(u) hasto be estimated.The

averagepropertyvaluezy ()

1 / ! !
2V(n) = =——— z(u')du
CI T

is known, alongwith somevaluesz(u,), a = 1,...,nin V(u). Theaimis to estimate
z(u) from boththedataz(u,) andthe averagevaluezy(y,). If all thelocationsin V(u) are
estimatedtheir averagemustthenbe equalto zy (). This situationoccursin down-scaling
applications.

Thekriging estimates of the form:

z(u) = Z AaZ(Uq) + Aviw)Zviu)

a=1

Thekriging systemis then:

(C’(ul,ul) C(ul,un) C’(ul,V) / /\1 (C’(u,ul)\
Clum, ) ... Clug ) Clu,V) YR N IOTO
\C‘(ul,\/) O V) ey )\ v ) C(u,V)

whereC (w;, u;) is theaveragecovariancebetweernz (u;) andZ(u;), C(w;, V) is thecovari-
ancebetweenZ(u;) andZy (), andC(V, V) is the covariancebetweenZy ) and Zy ().

Thesdasttwo covariancesaredefinedby:

C(Z(un), Zy) = % /V y C(2(ua). Z(w) ) ut
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and

C(Zy,Zy) = #/V(u) /V(U)C<Z(u),Z(u'))dudu'

This kriging systemis in facta cokriging systemwith primaryvariableZ(u) andsec-

ondaryvariableZy ().

Hence this kriging techniquecould beimplementedeasilyusingalgorithms

cokriging_weights andmulti_linear_combination (describegpager5and8l).

Implementation

The implementationgproposedereafterare keptvery simple. The aim is not to provide
a genericandefficientimplementationput ratherto illustratethe useof GsTL algorithms
with somebasicobjects.

First, the covariancefunctionsC'(u;, u;), C'(u;, V) andC(V, V') mustbedefined.

Theimplementatiorof C'(u;, u;) couldbe,for agaussiarcovarianceof fixedrange:

class Czz{
public:
inline double gauss_covarian ce( Locati on2d ul, Location2d u2){
double square_dist = pow(ul[0]-u2[0 ], 2) +
pow(ul[l]-u2[1l ], 2);

return  exp(-3*square_d is t/ 16) ;

Typelocation2d  is definedatthebeginningof part5.1.
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Assumetypeneighborhood  isamodelof NeighborhoodgovariancefunctionC'(u;, V)

canbeimplementeds:

typedef  neighborhood  block;

class Czblock{
private:
Czz& point_cov_;

block& B_;

public:
Czblock(block& B) : B.(B) f{}
double operator()(loca ti on2d ul, location2d u2){

B_.find_neighbo  rs( u2);

double covar = 0;

for(block::iter ator it =B_.begin(); it'=B_.end();
covar += point_cov_(ul, *it);

covar = covar [/ double(B_.size( ) ;

return covar;

it++)

Noticethatblock V(u) is implementedasa neighborhoodlt is indeeda setof geo-\alues,

“centered”’on alocationu, which correspondso thedefinitionof Neighborhood.

Finally C'(u;, V) couldbeimplementeds:
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class Cblockblock{
private:
Czz& point_cov_;

block& B1_;

public:
Czblock(block&  B1) : B1_(Bl) {}:
double operator()(loca ti on2d ul, location2d u2){
B1_.find_neighb ors (u?2);
block B2_ = B1_;

double covar = O;

for(block::iter ator it B1 =B1 .begin(); it Bl != Bl .end(); it B1++)
for(block::itera tor it B2 = B2_.begin(); it B2 = B2 _.end(); it B2++)
covar += point_cov_(*it_ B1, *it B2);

covar = covar [/ double(B_.size( )>* B_.size () );

return covar;

A modelof CovarianceSetcanthenbedefinedusingthesethreecovariancefunctions:
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class Block covarianc e _set {

private:
Czz& point_cov;
Czblock& point_block_cov

Cblockblock&  block block cov

public:
Block _covarianc e _set (Czblo ck& C2, Cblockblock&  C3)

point_cov(C1), point_block _cov (C2), block_block cov( c3) {4

double operator()(int i, int j, location2d ul, location2d u2){
switch(i){
case O:

if(j==0) return  point_cov(ul,u2 );
else return  point_block cov (ul, u2);
break;

case 1:
if(j==0) return  point_block cov (ulu2);
else return  block block cov  (u 1, u2);

break;

A function call to cokriging_weights would then computethe kriging weights

)\1,... ,)\n,)\v:
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cokriging_weigh ts (wei ght s, center, neighborhood_ar ray, 2,

covariance_set , ordinary_krig)

wherecovariance_set is of type Block_covariance_set , ordinary_krig
is of type OK_constraints , andneighborhood_array containsa neighborhood
of z-valuesz(u, ), andanothemeighborhoof block-valuesZ, (only oneblock valuein

this example).

Theseweightscanthenbe combinedwith the variablevaluesz(u,), . .. ,z(u,), Zv()

to obtainthekriging estimate.

6.2 Integration into an existingsoftware: kriging complex

geometriesin gOcad*

In GsTL, The geostatisticahlgorithmsthat work with grids of geo-\aluesdo notrely on
a specifictype of grid. Applying suchalgorithmsto differenttypesof grids, which were
possiblyimplementedutsidethe GsTL framawork, is thereforestraightforvard. Themain
stepis to checkthatthe alreadyexisting objectsmeettherequirementsf the genericalgo-
rithms. If they donot, “wrapper” classehave to beimplementedyhich modify theformer

behaior of theobjectto make it compliantwith the GsTL requirements.

This is anexampleof implementatiorof amodelof Neighborhood:

1The figuresand computer codein this sectionwere realizedwith the help of Arben Stuka, gOcad,
France.
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class neighborhood{

public:
typedef  std::vector<GT LNode>::i terator iterator;

public:
neighborhood() {3
neighborhood(co nst neighborhood& ng) : neigh_(ng.neigh_ ) {}
neighborhood(TS wurf* ts, int wu_idx, int v_idx, int p_idx );
“neighborhood() {3

void add_node(GTLNod e n){
neigh_.push _bac k(n);

}

iterator begin(){

return  neigh_.begin();

}
iterator end({

return  neigh_.end();
}

size t size({
return  neigh_.size();

}
void find_neighbors( poin t3 d u);

private:

std::vector<GTL Node> neigh_;

Theneighborhoodonstructoiis definedasfollows:
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neighborhood::n ei ghborho od(
TSurf* ts, int wu_idx, int v_idx, int p_idx
) |
for ( AtomicGroupAtoms It r it(*ts); it.more(); it.next()) {
Atom* a = it.cur();
if (@>CN(Q) {

Atomé& ra = *a;

float u rafu_idx];

float v ra[v_idx];
double prop = rap_idx];
GTLNode gnode(u, v, prop);

add_node(gnode );

AtomicGroupAtomsitr is thegOcadclassthatrepresentsheworking grid.

Ordinarykriging is performedon agOcadtriangulatedaultedsurfaceusingthe GsTL.
The kriging usesa global neighborhoodall the dataare accountedor at every kriged
location),andthevariogramhada stronganisotropy. Two snapshotsf theresultareshovn
in Figure6.1

This sameGsTL algorithm could also be usedto estimatea gOcad T-solid, i.e. an
unstructuredyrid with polyhedracells. Two snapshot®f the resultinggrid areshovn on
Figure6.2. Recallthatto obtainbothresultsin Figure6.1andFigure6.2nochanga smade

to the GsTL kriging algorithm.

In both casesthe propertyis continuousacrosshe faults. This assumeshatthe fault
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appearedafter the genesisof the rock. However, it could have beenpossibleto make
the propertydiscontinuousacrossthe faults by modifying the way the neighborsof each
locationareretrieved: If no neighborsare soughtacrossa fault, the propertywould have
beencontinuoushetweentwo faults,but discontinuouscrosghefaults.

Working directly on thesecomplex grids henceallows to incorporatesomeimportant
geometricalfeaturesinto the model, which was not feasiblewith the tradition approach.
In the traditionalapproachthe propertiesare simulatedor estimatedon a Cartesiangrid
andthentransportedo a complex grid. Sucha methodologydoesnot allow to accountfor

gometricalconstraintdik e faults.



(a) View 1

(b) View 2

Figure6.1: Kriging onatriangulatedaultedsurface



(a) View 1

(b) structureof the“T-solid”

Figure6.2: Kriging on a T-solid: anunstructuredyrid with polyhedracells
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Conclusion

GsTL is a C+ library of geostatisticablgorithms. It hasthree major components:the
sourcecodeof the geostatisticahlgorithms,the detaileddescriptionof the requirements
on the conceptsusedby the algorithms,and a collection of ready-to-usemodelsof the

conceptsi.e. actualC++ objects.

Contraryto the two othercomponentsthe descriptionof the conceptss not C++ code.
It is a meretextual descriptionof the assumptionsnadeby the GsTL algorithms,yetit is
an essentiapart of the library. Thesedescriptionsarethe analogueof the hypothese®f
a mathematicatheorem:the statemenbf a theoremhaslittle valueif the hypothesesre

omitted.

This similarity with mathematicatheoremsmakesthe useof the genericalgorithms
intuitive. The procedures indeedthe sameaswhenone wantsto call a theorem: first

checkthatthe hypotheseareverified,andthenapplythetheorem.

This is muchmoreintuitive thanthe object-orientecapproachwhich requiresthe li-
brary userto have a detailedunderstandingf the classhierarchiesbeforebeingableto

efficiently usethelibrary

139
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The GsTL codeis compliantwith theISO/ANSI C++ standardlt is uniquelycomposed

of headeffiles anddoesnotrequireto be pre-compiled.

It mustbestressedhatGsTL is alibrary of programmingcomponentsnota collection
of softwares.Its aim s to provide tools for quickly building new geostatisticglgorithms,
sparingfrom the needto re-inventthewheeleachtime akriging routineis needed.

An extensionof this work would thenbeto implementa setof geostatisticasoftwares,
in the style of GSLIB [Deutschand Journel,1992], basedon GsTL. Programmingthis
“library” of softwareswould be the opportunityto cashin on the GSLIB experienceand
proposea moreconvenientinterface. This includesbetterfile formatsfor input andoutput
andpossiblya graphicaluserinterface.

GSLIB parametefiles areindeedassumedo have a static structure: parametetX is
expectedatline j. A morecorvenientapproachwould beto usekeywordsto specifywhat
parameteis passedThedatafile formatcouldalsobemodifiedto atleastincludeessential

informationas,for example,grid dimensions.
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